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To obtain strong convergence rates of numerical schemes, an overwhelming majority of existing works
impose a global monotonicity condition on coefficients of stochastic differential equations (SDEs).
Nevertheless, there are still many SDEs from applications that do not have globally monotone coefficients.
As a recent breakthrough, the authors of (Hutzenthaler and Jentzen 2020, On a perturbation theory and
on strong convergence rates for stochastic ordinary and partial differential equations with nonglobally
monotone coefficients. Ann. Prob., 48, 53-93) originally presented a perturbation theory for SDEs, which
is crucial to recovering strong convergence rates of numerical schemes in a non-globally monotone setting.
However, only a convergence rate of order 1/2 was obtained there for time-stepping schemes such as a
stopped increment-tamed Euler—Maruyama (SITEM) method. An interesting question arises, also raised
by the aforementioned work, as to whether a higher convergence rate than 1/2 can be obtained when
higher order schemes are used. The present work attempts to give a positive answer to this question.
To this end, we develop some new perturbation estimates that are able to reveal the order-one strong
convergence of numerical methods. As the first application of the newly developed estimates, we identify
the expected order-one pathwise uniformly strong convergence of the SITEM method for additive noise
driven SDEs and multiplicative noise driven second-order SDEs with non-globally monotone coefficients.
As the other application, we propose and analyze a positivity preserving explicit Milstein-type method for
Lotka—Volterra competition model driven by multi-dimensional noise, with a pathwise uniformly strong
convergence rate of order one recovered under mild assumptions. These obtained results are completely
new and significantly improve the existing theory. Numerical experiments are also provided to confirm
the theoretical findings.

Keywords: SDEs with non-globally monotone coefficients; explicit method; exponential integrability
properties; pathwise uniformly strong convergence; order-one strong convergence; stochastic Lotka—
Volterra competition model.

1. Introduction

In order to describe the time evolution of many dynamical processes under random environmental effects,
stochastic differential equations (SDEs)

t t
X,:XO+/f(XS) ds+/ g(X,)dW,, 1 € [0,T] (1.1)
0 0

are widely used in various science and engineering fields such as finance, chemistry, physics and
biology. In practice, the closed-form solutions of non-linear SDEs are rarely available and one usually
falls back on their numerical approximations. For SDEs possessing globally Lipschitz coefficients,
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the monographs Kloeden & Platen (1992); Milstein & Tretyakov (2004) established a fundamental
framework to analyze a batch of numerical schemes including typical methods such as the explicit Euler—
Maruyama (EM) method and explicit Milstein method. Nevertheless, a majority of SDEs arising from
applications have superlinearly growing coefficients and the globally Lipschitz condition is violated. A
natural question thus arises as to whether the traditional numerical methods designed in the globally
Lipschitz setting are still able to perform well when used to solve SDEs with superlinearly growing
coefficients. Unfortunately, the authors of Hutzenthaler et al. (2011) gave a negative answer, by showing
that the popularly used EM method is divergent in the sense of both strong and weak convergence,
when used to solve a large class of SDEs with superlinearly growing coefficients. Therefore, special care
must be taken to construct and analyze convergent numerical schemes in the absence of the Lipschitz
regularity of coefficients. In recent years, a prospering growth of relevant works is devoted to numerical
approximations of SDEs with non-globally Lipschitz coefficients. Roughly speaking, people either rely
on implicit Euler/Milstein schemes Higham (2000); Higham et al. (2002); Alfonsi (2013); Mao &
Szpruch (2013); Neuenkirch & Szpruch (2014); Andersson & Kruse (2017); Zong et al. (2018); Wang
et al. (2020); Wang (2023) or some explicit schemes based on modifications of the traditional explicit
EM/Milstein methods Li & Mao (2009); Hutzenthaler et al. (2012); Liu & Mao (2013); Tretyakov &
Zhang (2013); Wang & Gan (2013); Hutzenthaler & Jentzen (2015); Mao (2015); Sabanis (2016); Beyn
etal. (2017); Kumar & Sabanis (2019); Fang & Giles (2020); Brehier (2023); Kelly ez al. (2023) for SDEs
with superlinearly growing coefficients. To get the desired convergence rates of numerical schemes, a
frequently used argument is based on Gronwall’s lemma together with the popular global monotonicity
condition, for all x,y € R9,

=y, f @) —fO) + $g) —gWII* < Klx — yl* (1.2)

where f and g are the drift and diffusion coefficients of SDEs (1.1), respectively, and K is a positive
constant independent of x, y. Indeed, an overwhelming majority of existing works on convergence rates
carry out the error analysis under the global monotonicity condition (1.2).

However, such a condition is still restrictive and many momentous SDEs from applications fail to
obey (1.2). Examples include stochastic van der Pol oscillator, stochastic Lorenz equation, stochastic
Langevin dynamics and stochastic Lotka—Volterra (LV) competition model (see, e.g., Mao (2007);
Hutzenthaler & Jentzen (2015)). What if we did not have the condition (1.2) available? In fact, the
analysis of the convergence rates of numerical schemes without the global monotonicity condition
turns out to be highly non-trivial (see Hutzenthaler & Jentzen (2015, 2020)). As a recent breakthrough,
Hutzenthaler and Jentzen in Hutzenthaler & Jentzen (2020) made significant progress in this direction
and originally developed a framework known as perturbation theory for SDEs beyond the global
monotonicity assumption (1.2). This theory, combined with exponential integrability properties of both
numerical solutions and exact solutions (see Hutzenthaler ez al. (2018); Cox et al. (2024)) enables one
to reveal strong convergence rates of numerical schemes in a non-globally monotone setting. Following
this argument, the authors of Hutzenthaler & Jentzen (2020) analyzed the pointwise strong error

sup |X, -,
1€[0,T]

L’(.Q;R‘l) (13)

of an explicit stopped increment-tamed EM (SITEM) method {Y,},¢[o 7} proposed by Hutzenthaler ez al.
(2018) (cf. (4.1) therein), which was shown there to inherit exponential integrability properties of SDEs.
Successfully, the authors identified the pointwise strong convergence rate of order % for the SITEM
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method. An interesting question arises as to whether a higher convergence rate than order % can be

obtained when the considered SDEs are driven by additive noise or when high-order (Milstein-type)
schemes are used, which is also expected by Hutzenthaler & Jentzen (2020) (see Remark 3.1 therein).
Unfortunately, following (Hutzenthaler & Jentzen, 2020, Theorem 1.2), the convergence rates of any
schemes would not exceed order %, which is nothing but the order of the Holder regularity of the
approximation process.

In the present article, we attempt to present some new perturbation estimates that can be used to reveal
the order-one pathwise uniformly strong convergence of numerical methods for several SDEs with non-
globally monotone coefficients (see Theorem 3.2). Different from Hutzenthaler & Jentzen (2020), we
use the It6 formula to expand the difference for the drift term, i.e., f(¥,) — a(s) in Lemma 3.1 and rely
on Burkholder-Davis—Gundy type inequalities to carefully treat the related terms (see estimates of S,
and T, in Theorem 3.2). This approach essentially enables one to attain order-one strong convergence
for the error analysis of numerical schemes.

As the first application of the newly developed estimates, we identify the expected order-one pathwise
uniformly strong convergence of the SITEM method for some SDEs with nonglobally monotone
coefficients (see Theorem 4.2 and subsequent example models), including the additive noise driven SDEs
(e.g., the stochastic Lorenz equation with additive noise, Brownian dynamics and Langevin dynamics)
and multiplicative noise driven second-order SDEs (i.e., second-order ordinary differential equations
perturbed by multiplicative white noise) such as the stochastic van der Pol oscillator and stochastic
Duffing—van der Pol oscillator:

sup X, — Y|
t€[0,T]

< Ch. 1.4
Lr(QR) ~ (4

Here {Y,};c0.7 is produced by the SITEM method (4.1), r > 0 is an arbitrary constant and 2 > 0
is the uniform stepsize. These findings thus fill the gap left by Hutzenthaler & Jentzen (2020) and also
significantly improve relevant convergence results in Hutzenthaler & Jentzen (2020), where the pointwise
strong convergence rate of only order % was obtained for the SITEM method applied to these models.

As the other application, we propose and analyze a positivity preserving explicit Milstein-type
method (5.4) for stochastic LV competition model driven by multi-dimensional noises, with a pathwise
uniformly strong convergence rate of order one recovered (Theorem 5.6). To the best of our knowledge,
this is the first paper to obtain the order-one pathwise uniformly strong convergence of an explicit
positivity preserving scheme for the general LV competition model.

The paper is structured as follows. In the next section, we introduce some notations and inequalities
that may be used later. In Section 3, we present new perturbation estimates for SDEs beyond the global
monotonicity assumption. Equipped with these estimates, we derive the order-one strong convergence of
the SITEM method for some additive noise driven or second-order SDE models. In Section 5, we propose
and analyze an explicit Milstein method for the LV competition model with multi-dimensional noise.
Some numerical experiments are provided to confirm the theoretical findings and a short conclusion is
made in Section 6.

2. Preliminaries

2.1 Notations

Throughout this paper, unless otherwise specified, the following notations are used. Let (£2,.F,
{Fi}i=0-P) be a complete probability space with a filtration {F,},. fulfilling the usual conditions,
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that is, the filtration is right continuous and increasing, and JF, contains all P-null sets. Let {W,},., be an
m-dimensional standard Brownian motion defined on (§2, F, {F},5,P). Fora € R, we deﬁne_& =0
and for a € R\{0}, 5 := oo. For a fixed integer number d > 1 and a vector x € R xD i =1,...d
denotes the ith component of x and |x| denotes the Euclidean norm induced by the vector inner
product (-, -). For a matrix A € R¥>*m g m e N, AD,i = 1,...,m denotes the ith column of A and
AW = 1, ...d,j = 1,..,m represents the element at ith row and jth column of A. Let A* be the
transpose of A and ||A|| := +/trace(A*A) be the Hilbert—Schmidt norm induced by Hilbert—Schmidt
inner product (-, -) y¢. For arandom variable & : 2 — H, where H is a separable Banach space endowed
with norm || - ||y, E[§] denotes its expectation and for any r > 0, &l = (IE[||§||]EH])1/’. For
=W, . fD* e C2(RY,RY), we use f/(x) to denote the Jacobian matrix of £(x), in which the ith
row is f@'(x) := (Vf @ (x))* : R — R!*4 The notation Hess, (f (x)) is a generalized Hessian matrix
including d components where the ith is the Hessian matrix Hess, (f(x)) : RY — R4 of f@ (x).
Further, for f : RY — Rd,g ‘RY > RM apnd U € CZ(Rd, R), we denote

(A; U)@) := U'(0)f (x) + 3 trace (g(x)g(x)* Hess, (U(x))). 2.1

Let T € (0,00),N € Z™, let a uniform mesh

O=ty<tj<---<ty=T 2.2)

be constructed with the time step 2 = T /N, and for s € [0, T], define

Lsly = sup {z,:t, <s}.
N

n=0,...,

Moreover, we introduce a class of functions C3D (R4, R) as follows:

Every element of Hess, (A(x)) is locally Lipschitz
continuous and for i € {1,2, 3}, a.s. (Lebesgue

3 (d o 2 (od .
CpRLR) =14 €C (R ’R) " measure) x € R, there exist p,c > 3 such that 23)
) o
1AV ) gy < c(1+ 1A'
Here fori = 1,2, 3, we denote
- AT ) vy, s )
||AUJ )l (RIR) = sup %, (2.4)
VievieRA(0) Vil vl
where
d .
] / 1 1 i
AT = D (g ), 2.5)

Note that C% (R4, R) forms a linear space containing a batch of functions such as

d r
A(x) :(le.zci) =1, r>1
i=1
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For a metric space (E, p), wesay A € C713 (Rd, E) with constants K 4, c 4,if A € C (Rd s E) and there exist
constants K 4, ¢ 4, > 0 such that

P(AX), AG)) = K1+ x|+ [yD 1x =y (2.6)

holds for all x,y € RY. One can easily see that if A : RY — R is differentiable and A € Cp,(RY,R) with
constants K ,, ¢ ,, then there exists some constant K, such that for all x € R,

lA@)] < K (14 D14 0] < Ky (1+ ).

Finally, we use C (resp. C with some subscripts) to denote a generic positive constant independent of the
time step (resp. dependent on the subscripts), which may differ from one place to another.

2.2 Burkholder—Davis—Gundy type inequalities

In what follows we recall two Burkholder—Davis—Gundy type inequalities, which are frequently used in
the subsequent analysis.

Lemma 2.1. Let S : [0,T] x 2 — R? be a predictable stochastic process satisfying P( fOT ||S,||2
dr < 00) = 1 and let {W,},- be a m-dimensional standard Brownian motion. Then for any p > 2,

t
sup ‘/ S.dw,
tef0,71' J0

T m 1/2
< S92, d : 2.7
12(2:R) —p(\/0 ; ” r ”U(Q;Rd) r ( )

,,,,,

< ooandforanyi € {1,..,M—1}, E[S;, ]S, ...,S;] = 0. Then for any p > 2, there exists some positive
constant Cp such that

1/2
181+ -+ Sull e = G (I om + -+ + ISulbem) - 23)

The first lemma can be found in (Wang & Gan, 2013, Lemma 2.7) and the other one is quoted from
(Hutzenthaler & Jentzen, 2011, Lemma 4.1).

3. New perturbation estimates for SDEs

In this section, let us focus on the following SDEs of Itd type:

[ X, =Xy = [of(X)ds + [ 8(X) dW,. 1 €[0.T], 3.0

XO = gXa
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where f : R? — R stands for the drift coefficient, g : R? — R the diffusion coefficient and

£y : 2 — R the initial data. Also, we consider an approximation process given by

[ Y, — Yy = [ya(s)ds + [y b(s)dW,, t € [0, T], 32)
Yo =§ Ys '

wherea : 2 x[0,7] = R%and b : 2 x [0, T] — R¥*™ are two stochastic processes that are integrable
in the sense of Lebesgue integral and Itd stochastic integral, respectively. This can be regarded as a
perturbation of the solution process of the original SDE (3.1). For example, when the Euler-Maruyama
method is used to approximate (3.1) on a uniform grid {#, = nh},_, -y with stepsize h = %, one can get

a continuous version of the approximation as

t t
Y, - Y, = /0 f(YLSJN)ds—i-/O 8(¥ 5, AW, 1 € [0, T], Y, = &, (3.3)

where in the notation of (3.2) we have a(s) :f(YLSJN),b(s) =g(¥|),) and &y = &x.

The following lemma provides two estimates, which will be essentially used later to obtain the desired
perturbation estimates. The first assertion can be regarded as a modification of (Hutzenthaler & Jentzen,
2020, Proposition 2.9) and the second one is new.

Lemma 3.1. Letf : RY — Rd,g : R4 — RY¥M pe measurable functions. Let a : [0,T] x 2 — R4 b :
[0,T] x 2 — R¥™ be predictable stochastic processes and let T : £2 — [0,T] be a stopping time.
Let {X,}sc(0.7 and {¥}cp0,y be defined by (3.1) and (3.2) with continuous sample paths, respectively.
Assume that fOT la(s)| + 161> + [FX)] + lgX)I? + F (XDl + llg¥)[?ds < oo P-as. and for
¢ € (0,00),p > 2 with P-a.s.

T A+e)(p=1) 27t
(Xs =Y f Xs)—f (Ys))+—3—1g(X5)—g(Y) |l
/0 |: IX.\-—YXIZQ ] ds < oo. (3.4)

Then for any u € [0, T] it holds

Xine=Yinel
A
exp(fy"" Apr dr)

te[0,u] LP(§2;R)

INT
P plIX—YP~2 _ _
= tes[%ﬁ)t] [HSX EY”U’(Q:Rd) + IE[/o exp(fo 1p,r dr) (XS Y, (8(X) b(s)) dWS)]

=ZS|

P X VPR, Y
+E / DX VPP XV f () —a0) g
0 exp(f() Np.r dr)

=S,

INT _y p=2 p=D(+1/e) a2 /p
+E / pIXs—Ysl 2 llg(Ys)—b(s)|l ds ) (3.5)
0 exp( fo np.r-dr)

=:S3
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Furthermore, we have
‘Xl/\T_Yl/\Tl
sup — A —
te[0,u] exp(jéA %772,r dr) L ($2:R)
INT
2(Xs—Yy,(g(Xs)—b(s)) dWy)
< | Iéx — &v113) gy + | SUP /
|: [P (§2;R4) re0.11 /0 exp( [y m2,-dr) D2(@R)
=:T1
INT
2(X,— Yo (Ys)—as
+| sup / 2X =Y f(Fo)—a(s)) - (f’;( )df)(g)) dsH
re0,u] /O Plo 2.r LPI2(25R)
:ZTQ
INT 1 2 1/2
A+ gr)—bs)|
+ sup / W—M ds H ] . (3.6)
1€[0.u] /O Pllo M2.r [PI2(2:R)
=2T3
Here for z > 2, we denote
(X =Y f () = (F) D0 o) —g (v 2 T
Nzr = 2lr<r (@) |: ! ! \X,.fY,|22 : $ : (3-7)

Proof. For fixed p > 2, it is easy to validate that Npr [0,T] x §2 defined by (3.7) is well-defined due
to (3.4). The Itd formula, the It product rule and the inequality (a + b)> < (14 &)a® + (1 + 1)b? yield

INT
[Xine=YinelP _ V4 PIXs—Ys P2 _ _
g tincl e~y + [ PRI — i (a0 — b)) W

. T pIX Yol 2 (X~ Y f X —a(s) X = Ve s g
0 eXP(fé Np.r dr)

N /"” 207D X~V P4 (X = Y)* (§(X) —b(s) 45 X =Y [P 2l g (X)) —b(s) |12 ds

0 eXP(_ﬂ)S Np,r dr)

< py [T NI ) — b)) AW,
< |&x — &yl +.O W(s— s, (§(Xs) — b(s)) dWy)

INT I~ P (P g ) g I (K Yo X~ (1)) =M= VP
A

+ /() exp(f(f Np.r dr)
AT pIX =Yy~ (LD g (1) —b(o) P+ (Xs— Yo (Y)—a(9)))
/ . ds. (3.38)
0 xp(J3 1y d)

Then we arrive at (3.5) by taking expectation of both sides of (3.8). Similarly, to show (3.6), letting p = 2
in (3.8) deduces that

INT
Xine=Yine® e 12 2(Xs— Yy, (8(Xs) —b(s)) dWy)
exp(fy o, dr) = ISx = &vI” + /0 exp(fy n2,r dr)

AT 2 (X~ Yy f (V) —a(s)) +(1+ Dllg (V) —b(s) |2
+ /0 ST ds. (3.9)
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This clearly implies (3.6), after taking supremum and | - || 12/2($2;Rdy-nOrm of both sides of (3.9). O
As a consequence of Lemma 3.1, we state the main results of this section.

THEOREM 3.2. Let f : RY — RY, g: RY — RYI*X™M be measurable functions with f € CZ(R",R‘I),
let f € C}D(Rd, Rd) with constants Kf, cr and g € C%D(Rd,Rdxm) with constants Kg,cg and let a :
[0,T] x 2 — R4 b : [0,T] x 2 — RI>M pe predictable stochastic processes. Let Ty, : 2 — [0,T]
be a stopping time which may depend on N, let {X} .0y and {¥}sc[o.77 be defined by (3.1) and (3.2)
with continuous sample paths, respectively, and let the uniform mesh be constructed by (2.2). Assume

that [} la(s)| + 61 + FX)] + 8K + F(X)] + Ig(¥II> ds < 0o P-as. and for & € (0, 00)
with P-a.s.

™ (+e)(p=1) 27t
(Xs—Ysof Xo)—f (¥s5))+ llg(Xs)—g(Yy)ll
/0 |: \XS—YSIZZ ] ds < oo. (3.10)

Moreover, let K, sup

4, and suppose that
(@ {s<ty}e ‘FLsJN;

> 0 be some constant that is independent of N, let & := (§x —&y) € LP(£2; RY),p >

= K3
L3P (2;R)

(b) supsco.7)

&) (p— +
1 (X, — Yo () —f (Y + 120D o x) (¥ )2
SEI X =Yl

(¢) foranyi=1,..,d,sups 7 ||Hessx(f(i)(Ys))||L3,J(Q;Rdxd) < Kmp and

sup (1 X |l spegvanervap, o.ma \/ sup 1Yl 6pegvaver  o.a V
s€[0,T] L (SZ:RD s€[0,7] L (ZRY

(3.11)

sup ||a(S)||L3p(Q;]Rd)\/ sup ”b(S)”L}p(Q;Rdxm) EKmp'
s€[0,T] s€[0,T]

1. Thenforany u € [0,T],v € (0,00), g € (0, co] with 1% + é = %, there exists some positive constant
C that might depend on p,e,d,m, T, Kf, cr, Kg, Cgs Kmp, but do not depend on £, such that

sup [ Xency — Yenoy llpv@imdy < {ns()n'j,,mw)
te[0,u] ’

u u rs 1
(8] [tzateon —powra| 57 [ [ (5[ tzn e -0 )]) ares
0 0 Jlsly

+E[/o nsgmv(ymp—a<s>|1’ds]+h’%—lE[/0 AJ ﬂrgmlfmrm)—a(r)|1’drdsmp
. sIn

™ —y. NV f(Y)) 4 Ao =1 V—o(YII2 1+
exp( / [<XA Yoo () —f (¥y))+ 0D o) — g ()| } ds)
0

X
1X,— Y

(3.12)

L4(2:R)
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2. In addition to the same settings as (1), if g is Lipschitz, then it holds

u
sup | Xeary — Yenzyl

2
Loy lg(¥) = b |
re0.u] w

< [nsoni,,mw) +C(h2+ /O

1

ik ([ Juezntean —von}, o or)
— r r R)
0 sl r<tyI8Ur (2R)

ds
LY(2;R) (2:R)

1
U 2 .o[uos 3
1. Y — 2 1 Y —
+ [ reznlr o =l o s /O/JN\ realf (Y1) a<r>|\u,(9;R)drds)}
™w _ _ 1+ _ 27+
» exp( / [(xs Yo (Xy) f({;):; |22 g (X)) —g(¥y)|l ] ds) 4 (3.13)
0 s o LI(2;R)

Proof. In the following exposition, we write 7 to represent 1, ; for short. For any u € [0,T], by the
Holder inequality one infers that

teS[l(l)Bll || IXiney = Yinryl ||LV(Q;R)

sup || Hnoy—Yeny | "1 d (3.14)
< sup | T exp o1, dr :
te[0] | XPUo = 14 |l 1p 0. R) 0 L4(2;R)
and
sup |XtmN - thN|
te[0,u] LY(2;R)
Xiney —Yine ™
< | sup ey Tl : exp(/ %nrdr) (3.15)
te[0,u] exp(fy N znrdr) 1P(2:R) 0 Li(2:R)

Therefore, it suffices to estimate terms S;,S,,S; in (3.5) and T, T,, T5 in (3.6). Observe that the term
S, vanishes, due to the condition (c) in Theorem 3.2 and the growth of g. For S;, by Young’s inequality,

t
X,—Y, |
% 28] [ Cpulucn A + Gl 00 — PO 1]

P Xonoy —Yonoy I? !
< C/ E| Sl | s 4 CE / L, llg(¥,) — b(s)[I” ds |. (3.16)
0 0 -

exp(fo nydr)

Concerning S,, one can expand f(Y,) —f (Y|, ) by 1td’s formula and then use the Young inequality and
condition (c) in Theorem 3.2 to infer

S —E Nty p\xs—nll’*z(xs—yx,fgm<f’(m,a<r>>+% trace(b(r)* Hess,(f(Y,))b(1)) dr)
2= 0 exp(fy nrdr) ds

N —2 X v
LR / W plXs— Yl (xx—Ys,{va(m,h(r)dwa) ds
0 CXP(fO Ny dr)
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INTN —2
Xs— Y|P~ 2 (Xg— Y f (Vs ) —
E pl 1P~ . S Y s)y)—a(®) ds
0 eXP(fo ny dr)

=

E NN pIX, =Y, P | iy A (V) ,a(n) 4+ trace(b(r)* Hess, (F(Y,))b(r) dr | 4
) exp(Jg - dr) §

exp(Jo 1 dr)

INTN _y -1 _
4 E / PIX Yl (Hiagy)—a)] 4
0 exp(fo nrdr)

t Xonew —Yonon P t
< C/ E[%] ds+CE[/ ]ls<erf(Y\_SJN)_a(S)|pds]
0 0 -

exp( o nydr)

INTN _y P2 _ S /
PIXs=Ys P72 X =Yy, [ g A (¥r) b (r) dW))
+IE|:/ ( -[UN )ds]
0

N E[ /’”N PIX=YolP 2 (X =Y [iy ) (Y,).b(r) dW,)
0

P 1y d) dsi| + CHP. (3.17)

To estimate the last but one term for p > 4, we expand the left item of the inner product by Itd’s
formula and 1t6’s product rule to obtain

PIXs=Y P2 (K=Y
exp( g 1dr)

— N
— Py Yoy Koy —Yiagy) PX Y2 X)—a() g,
- T
eXP(fomN oy dr) sl exp( fy 1 do)

+ ' _p‘Xr_YrV)._Z(Xr_Yr)’Ir dr + ' p|Xr_Yr|p_2l(g(Xr)_b(r)) dw
sl exp(fy m.dv) sl exp(fy mdu) r

s

—2)(X,—Y, _

+/u %p{, — Y HX, — Y. f(X,) — a(r)dr
SIN

s

-2 erYr —4

+ /LJ %Ixr - lep (Xr - Yr’ (g(Xr) - b(r)) dWr)
SIN

)

—2)(p—4)(X,—Y, -6 2

+ /L | SRS, — 1P|, — ¥ (505) —b0)
SIN

A

—2)(X, =Y, —4 ?

+/u et na e = T s — b "ar
SIN

+ /L B (506 ) (5% — b)) %, = ) (3.18)

Collecting some terms in (3.18) one can deduce

E 1 o AN b dwo)d

INTN s s
= E|:/ <p‘XL:JN7Y[SJN‘p (XLJJNmeN), {f'(Y,),b(r) dWr)>dsi|
0

CXP(.K)LSJN 71y dr) Lslnv
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| / T sy o—aol g | [ iy by aw ds]
LJo Jisiy exp(Jo e do) sy '
+E| / A( 20w g, [y dw>>‘”]
L Jo sy SPUomd) sy '
+]E_/WN( Lot 2eeo—bo) gy [0y )’b(r)dw>>ds]
Lo sy PUomd) BT '

INTN K 4 s
E KX Xy —y,, (3(X,) — b(r)) dW,), '(Y,),b(r) dW,))d
+ / (/LYJN pTl,Q) exp( mdt)< r r (g( ’) (r)) r) LSJNOC( ), b(r) r)> s
ds]

=: B, + B, + By + B, + Bs + By. (3.19)

LJO
I R A DY) 2
+]E/O /MN e ) |gx,) — b | dr

/L J {f'(Y,), b(r) dW,)

Next we estimate B;,i = 1,2, ..., 6 term by term. First, it is trivial to see B; = 0 by the condition (a) and
(c) in Theorem 3.2. For B,, using the fact f € C71J (R4, R%), Holder’s inequality, Young’s inequality and
condition (c) in Theorem 3.2, we have

] drds

t s o
B. < E|1_ XXl 41X Y)Y
t s s
X =Y P2 (V) ~f (Vi) / y
C E|l1 - N Y),b()dW
+ A /\_SJN |: S<TN exp(.fo e do) LsJN(f( L) 0) L)

t s
X, =Y P2 (Y| ) —
+C / ]E[llsqu P_1l,)—a)
0 Jlsln -
t

/ ). b dw)
Lsln

j|drds

exp(fy mdo)

' (), b) dW[)Hdrds
LsIn

<C sup E|1 M ds
- ~/0rE[LSJII)\/,x] [ SV exp(fo e do)

t s ) K 14
+c/ (/ Lyer, (141X, + 1Y) / (F(v), b dw,) dr) ds
0 LsIn Lsln L7 ($2;R)
t K K p/2
+ C/ (/ 11sSr}va(Yr) _f(YLrJN)| ’ ’/ (f/(Yt)’b(t) th) H dr) ds
0 Lsln LsIn LP/2(2;R)
t s K p/2
—|—C/ (/ Liegy [F(Y,,) —a(n)] - ‘/ ('), b)) dw,) dr) ds
0 Lsln LsIn LP/2(2;R)

C ' E X - toprs
[Xrnz Yrnen IP P
= 0 es 7XpNMTNd Ch2™'E / / 1 f(Y )—a(r)|pd ds CH.
/ rel0,s] |:e o N doy 0 Jisly r<wy Lrln 7 +
(3.20)
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With the aid of Holder’s inequality, Young’s inequality and condition (c) in Theorem 3.2, we estimate

Bj; as follows:
pIX =Y, 7=,
5 </ /|.st [ SN exp(fy ’hd‘)

<c E|1,.,, XYl |4
= /0 sup |: S<tN exp(fo 7edo) s

rells]n.s]

t N P
+ C/ (/ dr) ds
0 LsIn LP(2;R)

¢ — 4
< C/ sup E[W]dﬁ@ﬁm. (3.21)
0 rel0,s] exp(fo ¥ medy)

/ (' (V). b() dW,)

:| drds

(F (Y0, b(o) dW,)
Lsln

Ls<aynr

Using the property of stochastic integral, Holder’s inequality, Young’s inequality and condition (c) in
Theorem 3.2 shows the estimate of B:

t rs
= PIX =Y P~ 2(g(X,)—b(r))
By = /0 /MN E|:1s§TN< exp(Jg medo) (X )b(r)> ] drds

rops
PIX =Y, P72 gX) =g (YDl |
: / /LYJN E|:1s§r1v exp(fo nedo) I )by H:| drds

ot rS
PIX =Y P2 g(Y) —b()|l ||
+ / /LXJNE[JISSTN exp( . do) |/ (Yr)b(r)||]drds

t
=C sup E|[1g M] ds
/0 rE[LSﬁv,sJ [ S=N eXP(fO n, do)

t S
+c/ (/ ’
0 Ls]n

. P
N AR A N LTI d’) ®

1 s ) 2

+C./o (./m,v ’ Ls<oy [e(¥p) — b [[1f (Yr)b(r)H‘Uz/z(Q;R) dr) &
i Xrney —Year |P]
=C E| —2 " 1d
<c ) an Bl Sameat o
1/2
+on'T / / ( Lr<zy ||g(Yr)—b(r)HP]) drds + CHP. (3.22)
Lsln

In a similar way, one can handle By as follows:
1X,—Y,[P~2
Bs = / /L s [ s<on | axprnran (€0 = bO) [/ )b () ||i|drds
< C/ sup E[M} ds
0 rel0,s] exp(.fo 1, de)

tops 1/2
n Chl’/2—‘/0 /H (]E[II,SN |g(v,) = b(r) IIP]) drds + ChP. (3.23)
s]n
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Thanks to the Holder inequality, the Young inequality and condition (c) in Theorem 3.2, we treat By in
the following way:

/L (' (), b() dw,)
)

X, —Y, P 2c
B <C/ /LAJ |: S<TNe‘xp(f Vlldt) (1+|Xr|+|Yr|) “ i|drds
N

1Xr=Y P2 Y, P33
! C/ /LsJN [ SETN exp(fy medo) lsx,) —

|XrAr _yrAr | P j
<c [ sup E| Xl 4o 1 cpts // ( Y) — b(r ]) drds + CHP.
/Ore[OI,)s] |:eXP([0 det):| sl rStN”g( r) ()”
(3.24)

]drds

Gathering (3.17), (3.20), (3.21), (3.22), (3.23) and (3.24) yields

t
[Xrnz, ey 1P
S, <C su E#ds—l—Ch // VY ar‘ drds| + CH’
2 /OrE[O o |:CXP(jO del)] |: sl 3<r/v ( LSJN ()

=2 t s » j t p
+ch // (E[R,SINHg(Y,)—b(r)H ]) drds—l—CIE[/ . V(YLSJN)—a(s)‘ ds].
0 LSJN 0

(3.25)

Then, combining (3.16) with (3.25) and by Gronwall’s inequality we arrive at the first assertion (3.12).
Now it remains to validate (3.13). With regard to T, by Lemma 2.1, the inner product inequality, the
Holder inequality and the elementary inequality, one deduces

Lom . , ) 1/2
T, <C (X, Y580 (X)) —b (5)) ds
1 ="p S<Ty exp(f(‘)\ nrdr)
(U P2(2:R)
zm ¢ 1X,—Y,] 189 (%) —bD (5)| ? "
<C s— 1y . ‘ w ’ ds
= S<T S 1 S<T, s 1
rr OO e R L] RS " erlo 2Dy om
m " 2 1/2
[Xinzy —Yinoy| Z lg? X)) —bD (s)|
= Su TATN | : Cp S<TN 1 ds
ref0) P = 2040 [ o) P\ Jo e 2100 1 o )
< A]T IXM:[A\’_YMZNl
= IATN ]
te[0,u] CXP(JO 20rdr) LP(2;R)

18 (Xy) =g (¥)+80 () b (5)|
exp(Jy 3nrdr)

Y<'L'N

(1

2
ds) s (3.26)
P(2;R)
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where
u . . ) ) 2
1 1820 ) +e? ()b (s)] ds
o || =™ exp(fy 37r-dr) DR
<2C /” [Xsnzy —Yoary| 2 ds 42 / ! 1 8@ (¥5)—bD (s)] ? d (3.27)
T SAIN T g S ; ey S. .
- 0 eXP(foAN %Wrd’) 1/(2:R) 0 s=IN exp(fo %”fd'") 1P(2:R)
Combining (3.26) with (3.27) yields
X Y, 2
T < % su | M?Av; ;ArNd|
ref0) Il exeCo ™ 30040 |11 0 oy
+C/" sup | Doy —Yon| ’ dt-l—C/u 1, (2%, b(s))H ds. (3.28)
0 s€[0,1] exp(f()SMN %n,dr) 1P ($2;R) 0 S=W LP($2;R4>xm) . ’
When it comes to T3, one can easily show
u
T,<c | |1 Y.) — b(s ’ ds 3.29
5 < /O AR O)] - (3.29)

Note that the term T, needs to be treated carefully. First, using the same arguments as S, shows

INTN
2(X: 5 / *
Tr) < | su T I Y, a(r trace (b(r)™ Hess Y )b(r)) dr
25| s /0 (s [ 0/ .a) 4 Jtrace (b(r)* Hesse( (r)b(r) dr ds .
INTN
+ sup/ 27/ (' (V). b(r) dW,)
ref0,u /0 <e"PUO nrdr)’ ’ r> DR(@QR)
INTN X
+ || sup / 2 —25—=— f(Y)51y) —a(s))ds
ref0.11J0 <e"P”0" Ll ) DP@R)
u Xoney —Yoneyl ||
<C su DTy TSIV dt+/ )Jl Ys1v) — als) ” ds
/0 setort | oxeCe ™ 500 | .z ssorlf Ml oo
INTN X—y S 2
+ sup/ 2<; (f(Y)b(r)dW)> +Cn. (3.30)
t€[0,u] /0 exp(fo 1 dn)” J ) ’ ’ IP/2(2;R)

To estimate the last but one term for p > 4, we expand the left item in the inner product by It6’s
formula and It6’s product rule to acquire

D N (i (Y L f)—at g,
exp(fa nydr) cxp(fOMN nydr) Lsln exP(f(; n.dy)

s s
8(Xyr)—b(r) X =Y (=ny)
+ /LSJN exp( fo n. do) dW’ + /[SJN exp(fo . do) dr. (33D
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As a consequence,
INTN X—y N ,
sup / 2<#/ Yy, b(r)dW, >ds
re[0,u] J0 exp(fo nrdn” fig) v )

INTN XLSJN7Y[5JN ~S ,
sup 2o {f' (¥, b(r) dW,) ) ds
1e[0,u] /0 exp(fo N nrdr) J sy

INTN s X)) —a(r) N ,
+ | su 2 / LS 2 dr, (Yy), b(r) dW, >ds
p /0 < L exp(fo 7, du) Ls]y (f r r)

t€[0,u] SN

LP12(2;R)

<

LP/2(2;R)

LP/2(2;R)

PN e X—b) M
2 SN gy Y,), b(r) dW,) ) ds
+ || sup /0 </L exp(rmdy SV /LSJN(f( ), b(r) r)> s

1€[0,u] sIn

INTN s (X Y, )( 7 ) s ,
+ | sup / 2</ #dr,/ (Yy), b(r) AW, >ds
1€[0,u] /0 Lsjy ©XPUo 70 LsJN(f ' g

=: I~31 +§2 +§3 +§4. (3.32)

LP12(2;R)

LPI2(2;R)

Let us estimate these four items in (3.32) separately. We first split El into two parts:

n—1
By < | sup
te[0,u]

Ikt+1 _ X
/ 21351N<%, (F (V). b(r) dWr)>ds
178 exp(j() nrdr) Jisly

k=0 LP2(2:R)

+

t Xpo1o—Yis s
sup / 21135,N<“+N“N, (' (), b(r) dW,)>ds
rel0u] J tln exp(fo N nedr) Js|y

2(25R)
=: By + B, (3.33)
where we denote n, := [t]/h. By the condition (c) in Theorem 3.2, it follows that

Ti+1

n—1
in = Z/
k=0"

is a discrete martingale. The Doob discrete martingale inequality, Lemma 2.2, Holder’s inequality and
the condition (c) in Theorem 3.2 imply that

_ s
211S<IN<}%¢, (' (v, b(r) dW,)> ds
N exp(fo N ny dr) Lsin

~ nu—l tk+1 XLA'J _YLsJ s
Bii=6 Z/ 2ﬂs§rzv<#, (f’(Y,),b(r)dW,)>ds
k=0 " eXp(JO n-dr) Jsly LPI2($2;R)
1/2
] Tk+1 s 2
X S, _Ys
<G| > / 211s5m<”+ﬂ, (F (¥, b(r) dw,)>ds
k=0 Tk CXP(JO nrdr) Jis|y LP/2(2;R)
1/2
Luln || 1x _y 2 s 2
=G\h / Bl oo ' (f' (). b(r) aw,) ’ ds
Jo exp( fy 2040 Nl 1p(2:R) Isly (2R
2 1/2
snty —Ysaz luln s
= s lx”XiNl”" Cp(h / 'H {F (), b(r) dW;) ds
selOu | ex0Cfo ™ 3140 1l p (o) 0 Lslw @R
<L ogup | HonyTornyl ) 334
-8 sE[O]?u] exp(fy "™ Lnedr)

LP(§2;R)
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With the help of Holder’s inequality, an elementary inequality and the condition (c) in Theorem 3.2, for

p > 4 one can estimate B, as
_ |: t Xisiy—Yisly s (f/ ) p/29\ 2/P
B, <| E| sup / 21 <:7‘, (Y.),b(r)dw >ds ]
12 te[0,u] | J1t]n =T ‘SXP(foL oy dr) LsIn ' '
p/2 2/p
ds])

u
SChl_z/p(E[ / Lieqy
=

<7X“J”_Y“N e dWr)>
LsInv

exp(fo N n, dr)

.y iy, "y | r/2 r/2 2/p
<Ch'~ 1’( / e T ‘ "(Y,), b(r) dW, ds)
0 exp(jUNAN%mdr) (@R LSJN(f r r) P@R
X v p/2 4/p
< § sup | e +CHPP / H (F'(¥,), b(r) dW,) ds
se[0,u] exp(fo " z7rdr) 1P(2:R) 0 sy 1P(2:R)
2
< % sup lX‘A?X;\,Y;AINl + Chz
set0u || XPUo ™ 3140 || .
(3.35)
Hence, one concludes that
B, 5% sup W?X,iw + CH%. (3.36)
sel0u Il exPCo ™ 2 d0 || 0 oy
Similar to the estimate of B,, one treat §2 as follows:
= “r DA AN EED AT A I
B, <C = LR AT D) - "(Y),b(t) dW, drds
2 = /0 /|_’st S<TN CXP(f() 7, de) /\_SJN (f( l) ( ) L) LP12(2;R)
Y —f (Y,
+c/ / Ly LD S [ (), b0 aw) ‘ drds
Lsln ety mdo | fy, PR
f(Yryy)—a(n)l /
+C —N - Y),b()dW, drds
/ /mN SSTN exp(fy mode) \_SJN(f( ), b(0) L) @R
2
SC/ sup || Doy Yooy ds + CI?
0 reios oo™ dnedo || 0 )
1/2 u s
Ch ‘11 Y, ) — H drds. 3.37
" /0 /LsJN szl i) = aOl] o ) drds G:37)
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With regard to §3, we employ Holder’s inequality, Young’s inequality and Lemma 2.1 to derive
u N
E <C 1 g(xr)Ig(Yr) dw
3= /() /|_st s<ty exp(jo 7, do) r
u S
L / / 1., £0D=b() H
0 gy =N e mdd ] o )
u s 4/3
<C Loer 8XD=8() 4y
- A ‘/LSJN ST exp(fo 7, du) "
Chl/z 8(Yr)r—b(r) d
* sy = exp(fg medo)
u )
e[ (J
JO JIsln
u N
+ch'/? / ( /
0 Lslnv
u
<C / sup
JO rel0,s]

+ Chl/z/u (/S
0 Lslnv

Similar to the estimate of B;, we bound B, in the following way:

ds

(F' (). b(r) W, )

(2R I/ IsIv ‘U’(Q;Rd)

ds

by aw,)

Lslv LP($2;R9)

ds + Ch?
LP($2;Rd)

ds

,
LP(2;RY)

|Xr_yr‘

2/3
2
<o T dr) ds + Ch

2 1/2
dr) ds
U(Q;Rdxm)

P(2;R)

Ts<oy (g(Yr) - b(”))

[Xrnzy —Yrary
N N

Srhey T ds + Ch?
exp(Jo" ™ Ly, do o

1P(2;R)

2 1,2
Ly<zy (g(Yr) - b(r)) dr) ds. (3.38)

U(Q;Rdxm)

X =Yrinr

<N xp( Tndo drds

(f/(Yt),b(l) dWL)

Lsln

Lsln

. C/ /
LsIn

<C / sup
JO rel0,s]

Putting (3.30), (3.36), (3.37), (3.38) and (3.39) together yields

u
T, <C / sup
JO  s€[0,1]

1
+ 7 sup
4se[Ou]

+Chl/2/u (/A
0 \Ulsly

Then the proof is thus completed by combining (3.28), (3.29), (3.40) and Gronwall’s inequality. O

P2(2;R)

I Y|

Ts<zy exp(fo ) drds

(f/(Yt)’b(l) th)

Lsln

Nr

LP(2;R) ‘U(S?;R)
‘XS/\TN YSATN I

STy Z ST ds + Ch2. 3.39
exp(p ™ Lnodo) g (3:39)

P(2;R)

2
[Xsnry —Ysazy |

Ronoy —Teney ] ds
exp(fy" ™ 1n,dr)

u
dr+ Ly [f(Y[5)y) — a(s)]

P(2R)

2 u A
+ Ch‘/2/ /
L’ (2;R) 0 Jlsly

2

‘ 2

P(2;R)

[Xsnty —Ysary |
N N

eXP(fo 277r an r<oy f( Ler) a(r)|

' drds
LP(2:R)

1/2
dr) ds + Ch2. (3.40)

Tr<zy (g(Yr) - b(”))

U)(_Q;Rdxm)
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In the rest of this article, we concentrate on applications of the previously obtained perturbation
estimates to identify the order-one strong convergence of numerical methods for SDEs with non-globally
monotone coefficients.

4. Order-one pathwise uniformly strong convergence of the SITEM scheme

In order to numerically solve SDEs (3.1) on a uniform grid {r, = nh},, <y with stepsize h = % aclass
of stopped increment-tamed EM (SITEM) method was proposed in Hutzenthaler ez al. (2018):

— f(yln)(t_t")+g(yln)(wl_W’n) —
T, = ¥y o+ L coninin ) | G s O T )+ Yo = X0r 82 2 1€ Tty ) (41

which was shown to inherit exponential integrability properties of original SDEs. Combining the
perturbation theory obtained in Hutzenthaler & Jentzen (2020) with exponential integrability properties
of both numerical solution and exact solution, the authors of Hutzenthaler & Jentzen (2020) successfully
identified the order % strong convergence of the SITEM method. An interesting question arises as to
whether higher convergence rate than order % can be obtained when high-order (e.g., Milstein-type)
schemes are used. This is also expected by Hutzenthaler & Jentzen (2020) (see Remark 3.1 therein).
Unfortunately, following (Hutzenthaler & Jentzen, 2020, Theorem 1.2), the convergence rates of any
schemes would not exceed order %, which is nothing but the order of the Holder regularity of the
approximation process. In the present section, we aim to fill this gap and reveal order-one strong
convergence of the SITEM method for some particular SDEs with non-globally monotone coefficients,
for which the Euler type method coincides with the Milstein method and thus the order-one convergence
is expected. To begin with, we define a stopping time 7y, : 2 — {ty,t{,....ty} as

t6 = inf {{T} Ut € tgs oty : 1Y, > exp(In(h)| ‘/2)}} . 42)

Equipped with the stopping time, we can introduce the continuous version of (4.1) as

t t
Y, =X, + /0 I, ca(s)ds + /0 L, e b(s) W, 4.3)

Here, for s € [t;,#;,1), a(s) and b(s) are given by

a(s) ==y M@z, + 3>y (zs>(g<Y,k)e,,g(Y,k>ej), b(s) =y (Z)ev,), 44

J=1

where e; = (1, ...,0)%, ...,¢,, = (0, ..., 1)* are the Euclidean orthonormal basis of R"™,

Z=fY, )06 —1)+8X, )W, =W, ) 4.5)
and for a fixed § > 2,

vx) = x(1+ x> LxeRY (4.6)
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By (Hutzenthaler et al., 2018, Theorem 2.9) and in the notation of (2.5), for any z,u € R? we have

0] u :z=0,
v (@Qu = w8l Phw) £0 “4.7)
1+12° (142192~ ’
and
0 :z=0,
2] 26220 Dz ean? _ 8110 [2utzatelul’]
YD) (u,u) = A+1zP)3 (1+1zP)2 (4.8)
017|640 2
_36=2)zC V|| 2 £0.

(1+]z%)?

Moreover, one can show the following properties of ¥, (2!, which are needed in the error analysis.
LEmMma 4.1. Let § > 2 and let ¢ be defined by (4.6). Then for all x € R,
WM @l gagay < 1+ 5 W@ = Hpgeps < [0+ A G+ D],

sup [P ), )| < [(352 +8) A (352 + a)|x|5*1]. (4.9)

uelR9 ju|<1

Proof. By (4.7) and (4.8), it is clear that

1 1 § 8 5
I @l gy <1V (W + (1+||);‘|5>2) =I+3

1 s 8|xf® 8 8
191196) — Iy < (i + i) < [0+ DA @+ D], (4.10)
2] 28221 | (82+48)[x*! [ 2 2 5—1]
sup Y0 )l < Ty S < |37+ AGE T
ueRd Ju|<1

Now we are ready to state the main convergence result of this section.

THEOREM 4.2. Letf : R? — R, g : R? — R¥*™ be measurable functions and let f € C*(R?, RY).
Letf € C%;(Rd,Rd) and let g € C2(R?, R?*™) be Lipschitz satisfying, for all k|, k, € {1,...,d},j;,j, €
{1,...,m},

ag(szz)g(lil) -0 4.11)

)Ckl

Let U, € C% (Rd, [0, oo)) and U, € C}, (]Rd, [0, oo)). Let a class of SITEM methods be defined by (4.3)
with > 3 and let ¢,v,T € (0,00),4,9;,9, € (0,00],a € [0,00),p > 4. For all x,y € R4, assume
additionally that

(1) there exist constants L,x > O such that foranyi =1,...,d,j =1, ...,m,

| Hess (F9(x) | V || Hess, (¢ (x)) || < L(1 + x*:
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@) |x]e <1l + Uy(x)) and E [eUO(XO)] < 00;
3) (A U@ + 180 (VU2 + Uy () < ¢ + alUy();

U, Up(y U U
@) (x =0 f) = f0)) < [o+ D0 4 DOSRO |1y 2

11 _1

1_ 1 1_ 1.1 fath .
Then for = o + 5 =1 + 7 the approximation (4.3) used to solve (3.1) admits

sup |X, — Y|
t€[0,T]

< Ch, h— 0. “4.12)
L'(2:R)

If the condition (4) in Theorem 4.2 is replaced by the following one:
(4’) for any n > 0, there exists a constant K, such that

(= 3 f @) —fO) < [K, + 1(Up@ + Up() + Uy @) + Uy 0)) ] 1x = yI2, (4.13)
then for any v > 0 we have

< Ch, h— 0. 4.14)
LV (2;R)

sup |X, —Y,|
t€[0,T]

Before we come to the proof, let us give some comments on functions U, U; and some parameters
used in the above theorem. We first mention that, similar conditions have been used in Hutzenthaler &
Jentzen (2020). Here the non-negative function U, plays a role of Lyapunov function for (stochastic)
differential equations (see conditions (2), (3)). From conditions (4) or (4’), one observes that U, is
also used to control the growth of the derivative of the drift f. For some models such as the Brownian
dynamics, stochastic van der Pol oscillator and stochastic Duffing—van der Pol oscillator, U, alone is,
however, not able to control the growth and an additional non-negative function U, is introduced in
conditions (3), (4). As shown later, different models require different choices of functions U, U; such
that conditions (2), (3), (4) or (4’) in Theorem 4.2 are all satisfied. In view of Lemma 4.1, we require the
method parameter § > 3 to guarantee the convergence order 1 A % > 1. In addition, the parameters
q,91,9, and v, p, q are two sets of conjugate numbers for the use of Holder’s inequality. Now we start
the proof.

Proof of Theorem 4.2. The proof relies on the use of Theorem 3.2 and in what follows we check all the
conditions there. First, let T,y = 75, and it is obvious that for s € [0, T']

{Lsly < b Lsly = 55
=<yl = (4.15)
{lsly < tyh Lsly <,
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which implies {s < 7y} € F| ), By the virtue of the condition (4), Holder’s inequality, Jensen’s
inequality (see (Cox et al., 2024, Lemma 2.22) and the fact that U, (x), U; (x) > 0 one derives that

exp ( / ™ |:<X.\-—YYJ'(X.V)—J"(YY)>+1%Hg(Xv)—g(Yr)HZTF ds)
0 |X.\'_YY‘2 L’/(Q;R)
‘[1‘\'] U
WX +U(Yy) | U (x\>+U1<Y\>} d
eXp(/o [ 2q, Te*T + 2qpe*T s) LI(2:R)
Uo(Xo)+Un(¥y) Ha UL (X)+UL (¥y) Ve
M . M
= cfelow ([ tgesa [) 7 (2o (] L0gzp2 ) )

< g Clev (BT g Glew (2]

1
SATS 205 sArN zq
- sup (E[exp (/ " % du)]) . sup (E[exp ( UI(Y“) du )]) g
5€[0,T) 0 5€[0,T)
s 1 1
2 N 2q1
<C sup (E[exp(UO(X‘) +/ Lef,’ﬁ“) du>:|) n. sup (E|:exp (UO(YS +/ U‘(Y”) du )])
s€[0,T] 0 s€[0,T] 0

1

5 2
sup (E[exp(m(xxu/ %m)]) - (E[exp(wm +/ ul(md )])
s€[0,T] 0 s€[0,T] 0
1
)

. 5
=C sup (E[eXP(UO(XS) +/ %du)]) ‘. sup (E|:exp(U°(Ys
s€[0,7] 0 s€[0,T]
(4.16)

< Ceacq1.q0.T

81
-

I\)‘_
=

< 0.

Here the last inequality stands due to the exponential integrability property for both exact solution
{X,}se(0.77 and numerical solution {Y };co 7 (see (Cox et al., 2024, Corollary 2.4) and (Hutzenthaler

et al., 2018, Corollary 2.10)). For any p > 4, by (4.16) and noting U; € C713 (Rd, [0, oo)) and |x|1/" <
c(1+ Uy(x)), we get

sup
s€[0,T]

+
1 (Xs—Ysof (X5)—f (Y9))+ 152 1 g(Xy) —g(¥) |12
s<Ty X~ Y2

L3 (§2;R)

< sup
5€[0,T]

UoX)+Up(Yy) | Ur(X)+Ui(Ys)
[C + 2q TeeT + 2gpe%T ]

L3 (2;R)

=< C+C|: Sl(l)p ||U0(X)||L311(_Q :R) + SUP ||U1(X)||L3p(g ‘R)
s€[0,T]

+ sup Uy omr) + sup ||U1(Y)||L3p(9 R)] < 00, (4.17)
s€[0,T]
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which confirms condition (b) in Theorem 3.2. By (4.16) and condition (1) in Theorem 4.2,

sup ”X || 6pcgV3perVi3p d \/ Sup ”Y ” (Jp(‘ V3pe, < 00
sl0.7] 8VIEVIP (. Rd) 8V (2:Rd) (4.18)

and for any i = 1,...d, sup,cjo 7y | Hess (F O (Y) |l 3 (.gaxay < 00. By Lemma 4.1,

JES[l,ép ||]1y<t1‘\’,a(s)”L31’(Q;Rd)\/ X:[IEI)F)T] ”]15<f1§'/b(s)||L31’(.Q;Rd><’") < O0. (419)

This verifies condition (c) in Theorem 3.2, which in turn implies

1 T ps
Sup X6 — Y < C|:h2 +h2 / / Lcre [F (Y = 1o pga(n) ’ drds
te[0,7] LY($2;R) 0 Jlslny LP(2:R)
T 2 T 2
+/ Licrellg(Yy) = L e b9 ds +/ Licre [f (Y1) = Licrga(s)] ds
0 LP(2:R) 0 L ($2;R)
T s 2 % %
+ h2 / (/ Lorellg(Yy) = 1, e DOl dr) ds:| . (4.20)
0 LsIn LP(2:R)
By the property of Lebesgue integral and Lemma 4.1, one can show
T
/o ‘ Ly (Flgy) = Ly<qga®)] HU(Q R)
T
:/0 ‘ s<ty lf(YUJN a(s)|HU’(Q R) ds
T m 2
< / )= Y IZ V) = 5 D@ (80058 ,0¢)] ds
0 =1 (25R)
<cn 4.21)
Moreover,
T
! 0o,
/o ‘ ® (2, R)
T 2 0] 2
< [ e oo = 800 [+ Dsces Jeti) = @0srg D[ e

< c/ H Hg(Y) g(YmN)H HU(Q g s Cn. (4.22)
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. (ka4/2) ; .
Fori=1,..,d,j = 1,...,m, by the Itd formula and recalling %g(k"“) = 0, we arrive at
1

T
(@) (&)
/0 H Hg T =gV ) HLV(.Q;JR) @
T s = .. 2
< C/ ’ / (g(U)’(Yr), ]lr<rﬁa(r)) + % trace (]lr<r;}b(r)* Hessx(g(’f)(Yr))b(r)) dr ds
0 Lslv IP(2:R)
T s B 2
+C / H / (67" 1, v MN(ZDe(Y ) dW,) ds
0 LsInv LP($2;R)
! /
<C / ’ / (6" (¥) = (¥, ) Ly W1 (Z)8(Y ) AW, ) ds
0 Lslnv LP($2:R)
T K . 2
* C/ ‘ / (g(lj)/(YUJN)’ ]lr<fflw[l](z”)g(ytrjzv) dWr) ds+Ch?
0 LsInv LP($2;R)
T s B .. 2
< C/ ’ / (g(U)/(YLrJN)*]lr<r;}w[1](zr)g(YLrJN) _ g(U)/(YLrJN)*]lr<r§,g(YLVJN)) dw, ds
0 Lslv P (2;R)
+ cn?
< Ch%. (4.23)
Therefore, one obtains
T 2 )
/0 ‘ lsi‘r’f, g(Yv) - Ils<1:}‘;,b(~s‘) H HU’(.Q;]R) ds < Ch~. (424)

The same arguments used in (4.21) and (4.24) can be applied to estimate the second and fifth terms on
the right-hand side of (4.20). Hence, we deduce that for any % = % + % and§ >3

sup |er;(, - thﬁ| < Ch. (4.25)
t€(0,T] LV(Q;R)
Observe that
sup |X, - Y|
1€[0,T] L(2;R)
= | sup ]lr13<t|Xr - Yl + || sup ]lrﬁztp(t - Y
t€[0,T] LV(2;R) te[0,T] LV(§2;R)
< ‘ ILTX'/<T sup X, =Y, + | sup |er;; =Y, el (4.26)
127 (2;R) Il t€[0.T] L2(2;R) t€[0,T] LV(2;R)
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Using Lemma 2.1 ensures

sup |X, —Y,|
t€[0,T] L2(2:R)
t t
4.27)
< || sup / (f(XS) — ]ls<r§]a(s)) ds| + sup / (g(XS) — ]ls<r§]b(s)) dw,
tel0,T] 0 te[0,T] 0 L2(2:R)
S C?

and by the condition (2) in Theorem 4.2, the Markov inequality and —%x“ > —¢*, x > 0 one infers

Plry < T1 < P[|Y;| > exp(/ln(h)|'/*)]
< P[0 > L exp(Liin|/2)]

< B[ exp (L) [exp (— 7 exp(inan| ')

< C exp(— By, (4.28)

24c5e0T

For any C, > 0 and & < 1 being small enough, one knows [In(h)|? > —%2(2v In(h)) and hence one gets
forsmall h < 1,

In(h)|? 2
exp (= ggesar) =,

which validates (4.12). Finally, note that if (4.13) holds, then for any y > 0,

Ty B B I4e B L1+
exp ( / [(xs Yy f (X5) f(ly;»jy : lgX)—g (¥l ] ds) o 4.29)
0 o LY (2;R)
The assertion (4.14) can be acquired by repeating the above arguments, which finishes the proof. (|

In what follows we employ Theorem 4.2 to obtain the first-order strong convergence of the time-
stepping scheme (4.1) for SDE models without globally monotone coefficients, taken from Hutzenthaler
et al. (2018); Hutzenthaler & Jentzen (2020). In the recent publication Hutzenthaler & Jentzen (2020),
the authors derived only a convergence rate of order % of the same scheme (4.1), even for the following
additive noise driven SDE models and multiplicative noise driven second-order SDE models. Since the
conditions of Theorem 4.2 are the same as those in (Hutzenthaler & Jentzen, 2020, Proposition 3.3), we
just give the convergence results here and do not repeat the verification of the conditions. Indeed, one can
refer to (Hutzenthaler & Jentzen, 2020, 3.1.2, 3.1.6, 3.1.7, 3.1.3, 3.1.4) and (Cox et al., 2024, Chapter 4)
for details on the verification of the conditions for the following different models. The initial value X,
of the following models is assumed to be deterministic for simplicity.
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Stochastic Lorenz equation with additive noise. Let d = m = 3 and o, @y, 03 € [0,00). For x =
(X1, 2y, %3)* € R3, we let

F) = (o] (xg — x1), QX — Xy — X[ X3, X Xy — 0i3X3) (4.30)

and let g(-) be a constant matrix. Moreover, we take Uy(x) = |x|2 and U, (x) = 0. Then all conditions
in Theorem 4.2 are fulfilled. Therefore, using the SITEM method (4.3) with § > 3 to solve the above
stochastic Lorenz equation with additive noise yields that for any r > 0, there exists a constant C,. > 0
such that

sup |X, — Y,
1€[0,T]

< C.h. 4.31
r@r — ( )

Brownian dynamics. Letd = m > 1,¢, 8 € (0,00) and 6 € [0, %). Assume that V € C3D (R9,[0,00)) N
C3(R?,10,00)), V', Hess, (V) e CL(RY, R, i = 1,...,d and lim SUP,~ 0 SUP,cRd %\l,r(z) < oo. For

x € RY, we set

f@) = =(VV)®),8(0) = /Blga,ga. (4.32)

This equation is also termed as the overdamped Langevin dynamics in literature. In addition, we suppose
that (AV)(x) < ¢+ cV(x) 4+ 0| (VV)(x)||? and for anyn >0

sup  [ETNOCENW) (V) + V() + (TP + 1(VVI0P)] < oc.
x.yeR4 xz£y .

Letv € (0,% —0), Uy(x) = vW(x) and U;(x) = v(1 — g(@ + v)|(VV)(x)|2. Then all conditions in
Theorem 4.2 are fulfilled. Therefore, applying the SITEM method (4.3) (6§ > 3) to the above Brownian
dynamics yields that for any r > 0, there exists a constant C,. > 0 such that

sup |X, — Y|
t€[0,T]

< C.h. 4.33
@R — " ( )

Langevin dynamics. Let d = 2m > 1,y € (0,00) and B € (0, 00). Assume that V € C% (R™, [0, 00)) N
C*(R™,[0,00)), V', Hess, (V?) € Cp, (R™, R™™),i = 1,...,m and limsup , o sup_cgm %\l,r(z) < 0.
For x = (x,X,)* € R¥, u € R™, we let

f@) = (i, —(VV)(x)) = yxp), g0 = (0, /Bu). (4.34)

This equation is also termed as the underdamped Langevin dynamics in literature. In addition, we suppose
that for any n > 0

sup [\(vvxﬁ:;lvvxyn —n(V(x)+V(y)+|x|2—|—|y|2)] - .
x,yeR™ xz£y
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Let v € (0,00), and for x = (x},x,)* € R*™ Uy(x) = 5(Ix;1* + |x,1*) + vV(x)),U;(x) = 0. Then
all conditions in Theorem 4.2 are fulfilled. Therefore, using the SITEM method (4.3)(§ > 3) for the
Langevin dynamics yields that for any r > 0, there exists a constant C,. > 0 such that

sup |X, — Y,
t€(0,T]

< C,h. (4.35)
L7($2;R)

In Cui e al. (2022), the authors proposed a splitting averaged vector field (AVF) scheme for
the Langevin dynamics (4.34). Equipped with the exponential integrability properties of the implicit
approximations {Y, }o, <y the authors of Cui et al. (2022) spent a lot of efforts to analyze the pointwise
strong error (SuP0§n§ N E[llth -y, IIP]) lp ,p = 2. As the first step, the pointwise strong convergence
rate of order % was obtained, which was later lifted to be order one by using technical arguments in the
Malliavin calculus. Instead, we analyze the pathwise uniformly strong error of an explicit time-stepping
scheme directly. By simply relying on the newly developed perturbation estimates in Section 3, we show
a pathwise uniformly strong convergence rate of exact order one given by (4.35). It is worthwhile to
mention that the authors of Cui er al. (2022) also proved the existence of the density function of the
numerical solution produced by the splitting AVF scheme and provided the convergence rate of density
functions for the scheme. Despite the same convergence rate, the splitting AVF scheme proposed by
Cui et al. (2022), as an implicit one, is expected to be more numerically stable than the explicit SITEM
scheme, particularly for large step-sizes.

Stochastic van der Pol oscillator. Let d = 2,m > 1,c,a € (0,00) and y,8 € [0,00). For x =
(¥, %) € R%,u € R™, we let

F@) = (0, (v — ax)x, — Bx)*, g = (0, (xu)’, (4.36)

where ¢ € C2(R,R*™) is a globally Lipschitz function. Let v € (0, 7). Up) = §|x|2 and U;(x) =
v(a — 2cv) (x1x2)2. Then all conditions in Theorem 4.2 are fulfilled. Therefore, applying the SITEM
method (4.3) (§ > 3) to the stochastic van der Pol oscillator yields that, for any r > 0, there exists a
constant C,. > 0 such that

sup X, — Y|
t€(0,T]

< C h. 4.37
@R — " ( )

Stochastic Duffing—van der Pol oscillator. Let d = 2,m > 1,0,a, € R and a3,c € (0,00). For
x = (x,X%)" € R%,u e R™, we let

F) = (X, 05x — ax) — ot3x%x2 — x?)*, g@u = (0,¢x)u*, (4.38)

4
where ¢ € C*(R;R!*™) is a globally Lipschitz function. Let v € (0, "‘73), Uyx) = %(%‘ + x%) and
Ui(x) = v(ag — cv) (x1x2)2. Then all conditions in Theorem 4.2 are fulfilled. Therefore, applying the
SITEM method (4.3) (6 > 3) to the stochastic Duffing—van der Pol oscillator yields that, for any » > 0,



OUP UNCORRECTED PROOF - FIRST PROOF, 3/5/2025, SPi

ORDER-ONE STRONG APPROXIMATIONS OF SDEs 27

The strong convergence rate
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h

FiG. 1. A comparison of strong convergence rates for Langevin dynamics.

there exists a constant C,. > 0 such that

<C,h. (4.39)
L(2:R)

sup |X, —Y,|
t€[0,T]

Numerical experiments. Now let us present some numerical experiments to test, not only the strong
convergence rate, but also the dynamic properties of the proposed method. We take the Langevin
dynamics and the stochastic van der Pol oscillator as test examples. Let T = I, N = % k=6,7,..,11
and regard the fine approximations with A, = 2714 a5 the ‘true’ solution. Also, we take M = 5000
Monte Carlo sample paths to approximate the expectation.

For the Langevin dynamics (4.34), we assign

m=1VVx) =x-xy=1,=2X,=(,1*

and § = 3 for the SITEM method. Such a type of potential V(x;) = %x‘l‘ - %x% is called double-
well potential. Fig. | displays the mean-square approximation errors of the SITEM method, the implicit
splitting AVF method in Cui et al. (2022) and the implicit Euler method in Talay (2002). Numerical
results show that, the three methods all have a strong convergence rate of order one and the splitting
AVF method is slightly better in terms of computational error.

Furthermore, it is known that (see, e.g., Mattingly er al. (2002)), the Langevin dynamics admits a
unique invariant distribution

P(x;,xy) = I, exp(—V(x))) exp(3 x|, (4.40)
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Invariant density approximation Invariant density approximation
0.3+ 1 0.3
0.25 4 : | 0.25

015+ \ 1 0.15

0.1F [ 1 0.1

M method 1 0.05 / —— SITEM method

0.05 -

Euler method

T TImplicit Euler method
Splitting AVF method \ Splitting AVF method
. Exact invariant density \ . Exact invariant density

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

(a) (b)

FiG. 2. Invariant density approximation: (a) h = 2-7, b)) h= 24,

where I, is a normalization constant. Therefore, this equation is always used to sample from a target

probability distribution 7 (x;) oc eV, Next we test the ability of the SITEM method to sample
from the distribution. We take a large time endpoint 7 = 500 and test the SITEM in this paper, the
implicit splitting AVF method in Cui et al. (2022) and the implicit Euler method in Talay (2002).
Numerical results are depicted in Fig. 2, using two different stepsizes with # = 277,27, There one
can observe that, these three methods all perform very well in the case of small stepsize h = 277. As
the stepsize increases to 4 = 2, the implicit Euler method produces better approximations than the
other two methods. The SITEM method and the implicit splitting AVF method perform similarly and
give acceptable approximations. It should be noted that both the splitting AVF method and the implicit
Euler method are implicit time-stepping schemes and their computational costs are more expensive than
the SITEM method in the high-dimensional setting m > 1.
We next turn to the stochastic van der Pol oscillator (4.36) with coefficients

m=1y=a=02,8=1X,=(05,1.5%8§=3 (4.41)

in the case of the additive noise ¢; (x) = ¥ = /0.1 and the multiplicative noise ¢, (x) = 0.8x. The mean-
square approximation errors are presented in Fig. 3, where one can observe order-one convergence rate
for both additive and multiplicative cases.

Now let us focus on the case of additive noise ¢ (x) = ¥ = J0.1. According to (To, 2000, page 137),
one knows that, in our setting, the stochastic van der Pol oscillator model (4.36) admits a stationary joint
probability density

px;,xy) = Fp exp ( - 8%2 ((x% + )c%)2 - 8(x% + x%))), (4.42)
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The strong convergence rate
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Fic. 3. Strong convergence rate for stochastic van der Pol oscillator.

where I, is a normalization constant. Let p; and p, be marginal distribution of p in (4.42), defined by

p;(x) 5=/RP(X1’X2) dxy,  Pa(xp) 3=/RP(X1’X2) dx;.

It is obvious to observe that p(x;, x,) is symmetric with respect to variables x;, x,. As a consequence,
P; = P, and for polynomial functions @ : R — R,

E[¢(§1)] = E[‘D@z)], & ~pi(x)), & ~ Pr(xy).

Moreover, for a fixed variable, p is an even function with respect to the other. Therefore, by particularly
taking @ = [ (identity map) we obtain

E[§] =E[§] =0, & ~p(x), & ~ py(xy).

This implies that, in the phase plane, (E[X,,], E[X,,]) will gradually tend to the trivial steady state (0, 0),
as t — oo. Unlike the deterministic case, the average oscillation period and limit cycle do not exist for
the stochastic van der Pol oscillator, due to the presence of the noise.

In what follows we test the dynamics of numerical approximations produced by the SITEM method.
Over the time interval [0, 600], Figures 4, 5 show the sample average trajectory and phase plane of
the SITEM method for the stochastic van der Pol oscillator using two stepsizes & = 277,27*. From
these figures, one can clearly see that, numerical approximations of (E[X;,], E[X,,]) produced by the
SITEM method, even for a relatively large stepsize h = 24 tend to the trivial steady state (0,0), as
t — o0, reproducing the dynamics of the original model. Moreover, Figures 6, 7 demonstrate numerical
approximations of IE[|X1,|2] and IE[|X2,|2] with two stepsizes h = 277,27, where one can observe that
they all tend to some non-zero steady states, as t — 0o. The above numerical experiments indicate that,



OUP UNCORRECTED PROOF - FIRST PROOF, 3/5/2025, SPi

30 L. DAI AND X. WANG
e Evolution of the expectation of X, - Evolution of the expectation of Xy, - Phase plane of (E[X,]. E[Xx])
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FiG. 5. Sample average trajectory and phase plane with h = 24,

using stepsizes of moderate size, the SITEM method is able to reproduce the dynamic property of the
stochastic van der Pol oscillator.

It is very interesting to mention that, for the deterministic van der Pol oscillator, i.e., ¢ (x) = 0, the
exact solution is periodic and has a limit cycle. We use the SITEM method to numerically discretize
it with various stepsizes. Our numerical results indicate that, both the period and limit cycle of the
deterministic model are well reproduced by the SITEM method, even using a large stepsize i = 272,

5. A positive preserving Milstein type scheme for the stochastic LV competition model with order-
one pathwise uniformly strong convergence

In this section, we look at strong approximations of the following d-dimensional stochastic Lotka—
Volterra (LV) competition model for interacting multi-species in ecology Bahar & Mao (2004);
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Fic. 7. Numerical approximations of E[|X;|2] and E[|X5,|?] with h = 2~4.
Mao (2007); Li & Cao (2023):

[ dX, = diag(X,)(b — AX,) dt + diag(X,)o dW,, 1 € [0, T], 6.0

XO = xO € (Rd)+,

where T € (0,00), b := (b)_; 4 € R, A= (aD),;_y ;e R, o= (D)) 41 €
R and (RHT = {x € R? : xD > 0,..,x9 > 0}. Here the model is driven by multi-
dimensional noise and {W,},c[o ) stands for a m-dimensional standard Brownian motion defined on
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(82, F,{F};>0,P). For any vector x € R?, we use diag(x) to denote a d x d diagonal matrix whose
principal diagonal is x. In order to show the well-posedness of the underlying model in (R9)*, some
assumptions are put on the elements of the matrix A.

AssumptioN 5.1. Every element of A is non-negative and min; _; JAa®) > 0.
Under the above assumption, the model (5.1) has a unique global strong solution in (R%) .

Lemma 5.2. Under Assumption 5.1, there exists a unique strong solution {X,},- for the equation (5.1)
staying in (R9)*.

Proof. The well-posedness of the model in (R9)* has been established in Bahar & Mao (2004); Mao
(2007) for the scalar noise case. For the present model driven by multi-dimensional noise, one can
similarly prove it without any difficulty. 0

Despite the existence and uniqueness of the positive solution to the stochastic LV model, the closed-
form solution is not explicitly known and efficient numerical approximations become an important tool
in applications. Recently, several researchers proposed and analyzed positivity-preserving numerical
schemes for such a typical multi-dimensional SDE model with highly nonlinear and positive solution
(see, e.g., Li ef al. (2019); Mao et al. (2021); Hong et al. (2022); Cai et al. (2023)). It is worthwhile to
point out that, under certain assumptions specified later, the highly nonlinear drift coefficient f(x) :=
diag(x)(b — Ax) and the linear diffusion coefficient g(x) := diag(x)o obey the Razumikhin-type growth
condition

(5 f0) + cllg@ ) < K(1 + [x),

but violate the global monotonicity condition
(= 2. f0) =f ) +cllg@) — gWI* =< Klx — P, (5.2)

where x,y € (R?)*. As already mentioned in the introduction part, the lack of the global monotonicity
condition causes an essential difficulty in obtaining convergence rates of numerical approximations.
Usually, one needs to resort to exponential integrability of both the analytical and numerical solutions.
Very recently, the authors of Li ef al. (2019) constructed a Lamperti transformed EM method for (5.1)
and used exponential integrability of both the analytical and numerical solutions to obtain pointwise
strong convergence rate of order % under some restrictive conditions.

In this work, we aim to propose a novel positivity preserving explicit Milstein-type method for the
stochastic LV competition model and recover exactly order-one pathwise uniformly strong convergence
of the new method under much relaxed conditions on the coefficients and stepsize, by relying on the
use of previous perturbation estimates in Section 3 (see Theorem 5.6). To introduce the novel scheme,
we regard the system (5.1) as an interacting particle system of d particles evolving on the line. For any
i € {1,...,d}, we consider a single particle of (5.1) as follows:

d m
ax? = [ x76D — x> aDxP ) dr+ X0 > oD aw?. (5.3)
j=1 j=1
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In order to numerically approximate (5.3) on a uniform grid {#, = nh}y_, .y with stepsize h = %, we
propose the following linear-implicit (explicit) Milstein method starting from Y = X:

d m
S G Y ) RS ML
j=1 j=1
_m m . A . m
+ Oy o g @) AW aw i — Ly > (@ P)?h, (5.4)
h=l1p=1 =1

where forn = 0,..,.N — 1,j = 1,...,m,AWg) = AW(/) — AW,(I{). Further, some elementary

Iyl
rearrangements turn (5.4) into

d m
1=b6Ph+n> aPy) + 1> @2 ) v
j=1

Int1
j=1
=Y (14D 0 @Daw? + 13" c e @ AW aw? | . (5.5)
J=1 Ji1=1j2=1

Under mild assumptions on the stepsize 4 > 0, one can readily check that the proposed scheme is
well-posed and positivity preserving.

ProposiTiON 5.3 (Positivity preserving). Let Assumption 5.1 be satisfied and let X, = x,, € (R%)*. For

1
ybi—3 2L (@@)2)v0
is well-defined and has a unique positive solution in (R9)™.

some y > 1land 0 < 2 < min;_;,,

A T] (% := 00), the proposed scheme (5.4)

Proof. GivenY, € (R%)*, by Assumption 5.1 and the range of / , it is clear to see

-1
d m
0<[1=bPn+rD> a®Y)+1> @ D20 < L,
j=1 j=1

which implies equation (5.4) is well-defined and for any 1 < i < d,

2 -1
m d m
LA Y (RS w70 IS | (RORWD oC7Re D ey I
j=1 j=1 j=1
5.6)

Since Y, € (RY)*, one infers that Y, € (RH* for any n = 0, ..., N — 1, which ensures that the linear-
implicit Milstein scheme is positivity-preserving and the proof is thus completed. O
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Before coming to the convergence analysis of the scheme, we would like to mention an interesting
observation for the particular stochastic LV model. Although the global monotonicity condition (5.2)
does not hold, the drift coefficients of the model obey a special form of locally monotonicity condition
(5.7), where the control terms on the right-hand side (cf. U, (x), U, (x)) depend only on x and does not
depend on y. This interesting finding helps us to derive the convergence rate more easily, without requir-
ing the exponential integrability properties of the numerical approximations. As a direct consequence of
Theorem 3.2, we formulate the following proposition for approximations of SDEs fulfilling the special
case of locally monotonicity condition (5.7).

ProposiTION 5.4. Let f : RY — R4 g : R — R?*™ pe measurable functions and f € C%(R?,RY).
Further, letf € C7]D (Rd J R4 ) with constants Kf, Cy and g be Lipschitz. For a set Dy C R4, we assume that
X: 2 x[0,T] - Dy and Y: £2 x [0,T] — Dy be defined by (3.1) and (3.2) with continuous sample
paths, respectively, satisfying &y, = &y = X,. Let U, € Cc? (Rd, [0, oo)), U, € C(]Rd, [0, oo)), and let
¢,v,q,T € (0,00), € [0,00),p > 4. Besides, suppose that for all x,y € R4,

(1) there exist constants L, x > 0 such that forany i = 1, ...,d,
Up@IV |Hess, (7P (o) | < L+ i)

) xV¢ < e(l + Uy(x)) and E [eP0*0] < o0;

@) (A U@ + Hg* (VU + Uy () < ¢ + aly(0);

(4) for any n > 0, there exists a constant K,] such that

x=yf)=fO) = [K,, + n(Uy(x) + Uy () ]1x — yI% x,y € Dy; 5.7
(5) foranyf > 1,
sup lla@®lloorayV sup 10| oo paxm < Ky,
s€[0,T] LRy s€[0,T] LA ¢ G-8)

where K, > 0 is independent of 4.

Then for % = % + é, the approximation (3.2) of (3.1) admits

T 2
sup X, =i =C [hz + / Loy l18(Y,) = b(s)] ds
1€(0.7] L'(Q:R) 0 Pa®
| T K T 2
+h§/ / 1o (Y, —al drds+/ ]lser[f(YmN) —a(s)| ds
0 LsIn LP(2;R) 0 (@R
| T s 2 % %
+h§/ (/ ]lI’SIN”g(Yr) —b(}’)H d}’) dSi| R
0 Ml D(@R)
(5.9)

where C is independent of /.
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Proof. Proposition 5.4 can be directly obtained by using Theorem 3.2. To see this, setting ty = T in
Theorem 3.2 and utilizing the same arguments as used in (4.16) one deduces that

r _ _ L _ 27t
exp (Xs—Ys.f (Xs)—=f(Ys))+ 22 llg(Xs)—g(¥s)ll ds < 00. (510)
0 ‘X,\'_Yxl R
LY(2;R)
In view of (5.10) and conditions (1), (2), (4) in Proposition 5.4, we arrive at
(X =Yoo ()= (Vo)) + 52 gk —g 012 |
sup || Lo | ——— X 7”22 : ‘ < 00 (5.11)
5€[0,T] ST L QR)
and
sup || X, ||, 6pegvapervap, . < 00. (5.12)
S€[0.7] s I opegVopcy P(Q’Rd)
Combining Theorem 3.2 with conditions (1), (5) in Proposition 5.4 then completes the proof. ]

It is worth noting that the restrictions on U, and U in Proposition 5.4 are more relaxed than those in
Theorem 4.2 due to the particular condition (4) (see (Cox et al., 2024, Corollary 2.4)). In what follows,
we utilize Proposition 5.4 to prove the strong convergence rate of the newly developed Milstein type
method. For simplicity of presentation, we denote

a = minyg{a®}. b= max; g (1671): & = max; gy <jepilo )

and

d m
o= 1= b+ aDyD + 1" (0 D)2h, i e {1.....d). (5.13)
j=1 j=1

Under conditions in Proposition 5.3, one knows

(@2t . (5.14)
1

m
()y—1 : Y Y 1
0< (@) <min y—1’1+y—l b, — 3

J
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In the notation of Qg), one can rewrite the scheme (5.5) as

Y(l)

1 —

m m m
=Y (14D 6@Daw? + 157" c @ awiV aw? | (@)~
j=1 ==l

=¥+ v (@) - )

m m m
+Y (Do Paw? + 137 o e aw aw | (o))
j=1 ji=ljr=1

d
=7+ [60h 1D a Dy

j=1
+ Y (Do Daw? + 137> o e aw awf — 1> @ @)h | (i)
j=1 h=1p=1 j=1
' et b Z al@) Y('l) o) 4o G i_lawz)(wi’z’ Wl(ﬁz)v) . .
=vP+ / (,) v ds + Z / 2= 0 YO | awiv.
n J1=1 n
(5.15)
For any ¢ € [0, T], one can thus define a continuous version of (5.15) as follows:
L b~ Za””YLU] m o o) 3 o (Wi w2 )
@ _ vy Jj=1 N () j2=1 (i) 1)
v =y +/ — Yl ds+ o Y, | awdr.
0 LsIn =1 0 Lsly
(5.16)

To prove the strong convergence rate of the scheme, the following lemma is also indispensable.

LeMma 5.5 (Bounded moments). Let all conditions in Proposition 5.3 hold. Then for any p > 1, there
exists a positive constant C,, independent of A, such that the numerical approximations produced by
(5.15) obey

sup E[|Y, ['] < C,. (5.17)

1<n<N
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Proof. Forany p € Z*, by (5.15) and binomial expansion we have that fori = 1, ..., d, Jodpsda =1,..,m,

E[|Y,", 7]

p
m m m
=E[lY 1O I E| (14D 6Paw? + 157> o @e awi aws?
=1 ji=1p=1
k
)% (P I ITEE Sh PR (D) 5 p02)
< (1+Ch)PE[|Y§;>|P]Z(k)}E ZU(U)AW,n +§ZZU(’]‘)U(’/2)Ath' aw,!
k=0 J=1 h1=1j2=1
< (1 + ChYE[Y,) "]
k
< |1+, E| [ D o@aw? + 13> 6ing i awi) aw? : (5.18)
k=1 j=1 ji=1j=1

where (pk = #ik),) are the coefficients of binomial expansion. By iteration one concludes that for
anyn=0,1,..,N —1,

E[y®

DT < 4+ CPTEYY P < (14 Cry @Ry PPy < 20T RO, (5.19)
which finishes the proof for positive integer p. Thanks to the Holder inequality, the inequality (5.17) also
holds true for any non-integer p > 1. O

Now we are well-prepared to show the order-one pathwise uniformly strong convergence of the
proposed scheme.

THEOREM 5.6 (Order-one pathwise uniformly strong convergence). Let Assumption 5.1 be satisfied and

1
y(bi—3 27 (@ @)2)v0
and numerical solution defined by (5.3) and (5.16), respectively. Then for any » > 0,

assume 0 < 7 < min;_; AT withy > 1. Let X, and Y be the exact solution

E[ sup |X, — Y,|f] <CH. (5.20)
te[0,T]

Proof. Define

Up@) i=v(1 + ', U, () = (1 + )72 (ad ™ — 282 e 4 v(1 + |22

. 1 52 L
Here v > 0 is chosen to be some small constant such that (gd 2 — %) > 0, which in turn ensures

U, (x) is positive and there exists an € > 0 satisfying elx? < U 1 (x). It is easy to check that conditions
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(1) and (2) in Proposition 5.4 are fulfilled. To validate condition (3), we derive

Uy 0)f (x) + %trace (g(x)g(x)* Hessx(UO(x))) + % !g(x)*(VUO)(x)| 24 U,(x) — aUy(x)

d d d m
= Zv(l + |x|2)—%(x(i))2(b(i) _ Za(ij)x(i)) + % sz(ll + |x|2)—%(x(i))2(a(ik))2

i=1 j=1 i=1 k=1

d m
LS+ D) )2 60) 20 W R 4 Uy ()

i=1 j=1 k=1

m d 2
1 . . 1
+32) (Zv(l + |x|2>‘f(x<’>>zo<’k’) —av(1 + )2
k=1 i=1

d m

<3 RO E Y 3 s

i=1 i=1 k=1

d m
+%ZZZv<1+|x|) Fa020)2%5% — av(1 + )

i=1 j=1 k=1
d
1 .
+ 2762 A+ D) T v+ |x|2>*fgz @)’ + U,

<vb(1+ [x|%)2 +mv?(1+ [x%)2 — av(l + D)7 +v(1 + 1) 72 (5257 — ad™2)x + U, ()

= (B +me?—a+ Dyl + D2 <0, (5.21)

where @ > 0 is chosen to be large enough so that b + m62 — « + 1 < 0 and the condition (3) in
Proposition 5.4 is hence validated. Furthermore, for any x,y € (Rd )T, it holds that

(x=y.f(@) —fO)) = (x — y,diag(x)b — diag(x)Ax — diag(y)b + diag(y)Ay)
= {x — y,diag(x — y)b) — (x — y,diag(x)A(x — y)) — {x — y, diag(x — y)Ay)

d d
< Ibllx = yI? + e — yP [ldiagA] = D G0 —yD)? D" a0
i=1 j=
< (161 + IATIxD Ix = y1*. (5.22)
This implies condition (4) in Proposition 5.4 with K, > ﬁ. By observing that fori = 1,....d, j =
1,...,m,

B Zam)y(/j ) i o 0 (WP Wit )
(1)( ) =1 Y(l) b(lj)( ) — J1=1 Y(l)
§ 7@{13 Lsv? 5= op, Ls>
S N S N

(5.23)
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the condition (5) in Proposition 5.4 is therefore satisfied due to Lemma 5.5 and (5.14). Now all conditions
of Proposition 5.4 have been confirmed. As a consequence, we arrive at the assertion (5.9). Following
the notation of (5.23) and recalling f(x) := diag(x)(b — Ax), g(x) := diag(x)o, we use Lemma 5.5 and
the Holder inequality to show that, for any p > 4,

d
_ 0 _ @)y @
” (1 50 ) (b 2.a YLsJN)YLsJN
LP(2:R) lsly j=1 L7 ($2;R)

d
1 O _ N yD) Yyd
(1 Qw) (b Da YLcJN)YLvJN
LSJN j:1

< Ch. (5.24)

”f O =)

L2P(2;R) L2P(2;R)

Meanwhile, expanding Y (s) at s = | 5] by It6’s formula gives

r

(i) (Y, — b (s)

L’ (§2;R)
. p_% a®y v o ’ ;
_ HY&NU(U) n Zﬂ,i)ym(s ~ Lslyo® + LT 3 (Gwl)(mgm Wi )
Lsly Ly

j1=1

m
+ % z g(ijl)o(ijz)(wyl) _ Wf]sﬂi,)(WAUZ) _ W(/z) ) — %(G(l]l))2(s _ LSJN))

Lsln
=1
v moo W
_ %Uuﬂ(] +3 eI —w vﬂN)) H
Gy =1 (2:R)
d
(i) b _ > g y®
_ |y® Quay~ PR G I ”
- ”Y“NU(U) o -+ of) sy = Ll
SN SN
Y(l) o) i .
v Z(Zaom ) (WD — W W — W ) — ()2 (s — | ))H
2Q[5JN ji=1 o=l (@R

i
RO i a(ik)y(/;)

0)
G0 _(ij Ly ! = 0 )
yh ol + | —E=———v? (5= Lsly)o
sl Quy lp2:r) Qliy el LP(2R)
y® & , .
Visn® (1) ] (j2) N2
+ Qz\(ll) Z (Z oW (Uz) (/l) WLSIJN) (Ws(/z) _ WLSjN) _ (O(UI)) (S _ I.SJN) ) H
by 721 \poi LP(2:R)
< Ch. (5.25)

Combining (5.24)—(5.25) with (5.9) finally yields the desired assertion (5.20). O
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The strong convergence rate
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Fi

@

. 8. A comparison of strong convergence rates for LV competition model.

Numerical experiments. Now we present some numerical experiments to confirm the theoretical
results. Let d = m = 2 and consider the stochastic LV competition model with coefficients

1 1 05 1 0 1
b=(o.5)’A=(o 0.5)’“=(0 0_75),Y(0)=(3). (5.26)

LetT = 1,N =2k =6,7,..,11 and regard the fine approximations with h ., = 2-14 a5 the
‘true’ solution. We consider the mean-square approximation errors and take M = 5000 Monte Carlo
sample paths to approximate the expectation. A comparison of strong convergence rates for our method,
the Lamperti transformed EM method in Li e al. (2019) and the truncated EM method in Mao et al.
(2021) is presented in Fig. 8. One can clearly observe order-one convergence of our method and the
Lamperti transformed EM method, and order % convergence of the truncated EM method.

In addition to the strong convergence rate, we would also like to investigate the dynamic preservation
of the proposed method. As shown by Bahar & Mao (2004); Mao (2007), under Assumption 5.1, the exact
solution {X,},~, of (5.1) admits an ultimate boundedness property, i.e., there exist two positive constants
C,, C, independent of X, such that

t
limsup E[|X,|] < C; and limsup %/ E[|XS|2] ds < G,. (5.27)
— 00 0

1—00

Fig. 9 displays moments over long-time interval [0, T'], T = 500 of the linear-implicit Milstein method
using small stepsize & = 277 and large stepsize = 1. It is observed that, the numerical approximations
produced by the linear-implicit Milstein method remain bounded after a long time, even for a large
stepsize h = 1. This recovers the property (5.27) of the exact solution, which can be theoretically

. . 1
explained as follows. Forany p > 1and 0 < h < min; ;4 [m], recall (5.13) and
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Long time behavior of moments 1 Long time behavior of moments

E[Y, E[Y,
ol By | 9 B[]

0 50 100 150 200 250 300 350 100 150 500 0 50 100 150 200 250 300 350 100 150 500
t t

(a) (b)

Fic. 9. Evolution of numerical moments: (a) h = 2_7; b)h=1.
(5.15), it holds that
2 4

m
1+ > 6Daw? )| +1| | = Cu(dm) < +oo,
j=1

B[1v. ) =g

=
S
=
| IS
&=
D=

forany n € N.

Another significant dynamic of the model (5.1) is permanence and extinction. Permanence means
that the species will persist and extinction means that the species will eventually become extinct (see (Li
& Cao, 2023, Definition 3.6, Section 4) for precise definitions). According to (Li & Cao, 2023, Theorem
3.7), in our setting (5.26) the species will be permanent. In Fig. 10, we draw M = 500 sample paths
of the proposed linear implicit Milstein scheme over time interval [0, 500] with # = 273. Evidently,
the numerical approximations reproduce the dynamic of the permanence of the original model. When
the noise intensity increases from o to 20, in view of (Li & Cao, 2023, Corollary 2), the species will
eventually become extinct. Fig. 11 presents M = 500 sample paths of the proposed approximation
method over time interval [0, 500] with 4 = 273. There one can see that the numerical approximations
tend to zero, reproducing the dynamic of the extinct of the original model. For both cases, all paths stay
in (R?)*, confirming the positivity preserving of the proposed method.

6. Conclusion

In this paper, we successfully reveal order-one strong convergence of two kinds of numerical methods for
several SDEs without globally monotone coefficients, which fills the gap left by Hutzenthaler & Jentzen
(2020). This is accomplished by developing some new perturbation estimates and some more careful
estimates. Numerical experiments are also provided to support the theoretical findings. As an ongoing
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FiG. 10. Permanent performance of linear-implicit Milstein method with i = 273.
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Fic. 11. Extinct performance of linear-implicit Milstein method with s = 273,

project, we propose and analyze new higher order (strong order 1 and 1.5) time-stepping schemes for

general SDEs without globally monotone coefficients.
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