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Ch.4 Manipulator Dynamics

¢ Introduction

FEhow

Manipulator Dynamics
considers the forces required
to cause desired motion.

Considering the equations of
motion arises from torques
applied by the actuators, or
from external forces applied
to the manipulator.
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Ch.4 Manipulator Dynamics

= There are two problems related to the dynamics that we
wish to solve.

» Forward Dynamics: given a torque vector, 7, calculate
the resulting motion of the manipulator, ® ®, and ® -
This is useful for simulating the manipulator.

= Inverse Dynamics: given a trajectory point, ®, ®, and ®,
find the required vector of joint torques, T. This
formulation of dynamics is useful for the problem of
controlling the manipulator.
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Ch.4 Manipulator Dynamics

» Two methods for formulating dynamics model:

» Newton-Euler dynamic formulation

« Newton's equation along with its rotational analog,
Euler's equation, describe how forces, inertias, and
accelerations relate for rigid bodies, is a "force
balance" approach to dynamics.

» Lagrangian dynamic formulation

« Lagrangian formulation is an "energy-based"
approach to dynamics.
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4.1 Dynamics of a Rigid Body

4.1.1 Kinetic and Potential Energy of a Rigid Bod
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4.1.1 Kinetic and Potential Energy of a Rigid Body

* x, =0,x Isageneralized coordinate Af
v F
d(@K]_8K+8D+8P_8W M
dt\ox, ) oOx, Ox, 0Ox; 0Ox . % HLJ .
O @ 6 @ 6 M

(D Kinetic Energy due to (angular) velocity

(2 Kinetic Energy due to position (or angle)

(3) Dissipation Energy due to (angular) velocity
(4) Potential Energy due to position

(5 External Force or Torque




4.1.1 Kinetic and Potential Energy of a Rigid Body

» X and x; are both Yo

generalized coordinates v F

oo . . M

M%) +c(x; —xp) +k(x, —xy) —M,g=F k% T
C

Mx, +c(x; —xy) —k(x, —x)—M,g=-F MOLH

Written in Matrices form:

A s i i




K, = Emlvlz’ i = dlél’

4.1.1 Kinetic and Potential Energy of a Rigid Body

Kinetic and Potential Energy of a 2-links manipulator
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4.1.1 Kinetic and Potential Energy of a Rigid Body

A

y
» Kinetic Energy K, and Potential Energy P,
of link 2
K, =%m2v22, P, =mgy,
where (61, Y1)
v, =%, + 3, lg o
x, =d,sin6, +d,sin(6,+6,) (X2, 1)

y, =—d, cos6, —d, cos(6,+6,)

K, = %mzdféf +%m2d22 (6,+6,) + myd,d, cos6, (67 +6,6,)

| P, =—m,gd, c0s 6, —m,gd, cos(6, +6,)
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4.1.1 Kinetic and Potential Energy of a Rigid Body

A

Y

» Total Kinetic and Potential Energy of
a 2-links manipulator are

K=K, +K,

= E(ml + ””2)0112‘912 +Em2d22 (91 + ‘92)2
m:

+m,d,d, cos 6, (67 +6,0,) (4.3) (x2, 12)

P=P+P,

= —(m, +m,)gd, c0s0, —m,gd, cos(0, +0,) (4.4)




Contents

Introduction to Dynamics

Rigid Body Dynamics
Lagrangian Formulation
Newton-Euler Formulation

Articulated Multi-Body Dynamics




4.1.2 Two Solutions for Dynamic Equation

» Langrangian Function L is defined as:

L=K-P (4.)
_ —
Kinetic Energy Potential Energy

» Dynamic Equation of the system (Langrangian
Equation):

d oL OL .
i . ’121’2"”” (42)
dt 0q, 0q,

1

where g; is the generalized coordinates, 4,
represent corresponding velocity, F; stand for
corresponding torque or force on the ith coordinate.
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4.1.2 Two Solutions for Dynamic Equation

A

» Lagrangian Formulation ’

Lagrangian Function L of a
2-links manipulator:

L=K-P
1
2
+m,d,d, cos,(0F +6,0,)+ (m, +m,)gd, cos, + m,gd, cos(d, +0,) (4.5)

O + 267+ md (67 + 20,6, + 69

m:
(x29 Y2)

F - d oL OL =12

= ' dtog, oq,

-



d oL oL
T
dr 06, 00,

= [(m, +my)d? +m,d? +2m,d,d, cos6,18, + (m,d? + m,d,d, cosé,)6,
—2m,d,d, sin0,6,0, —m,d,d, sin 6,0’
+(m, +m,)gd, sin6, + m,gd, sin(@, +86,)

d oL éL
dt 06, 00,

T,

= (m,d? +m,d,d, c0s0,)0, + m,d?0, + m,d,d,sin 0,07 +m,gd,sin(6, +6,)

T;I. = Dllgl + D1262 + 1)111912 + D122022 T D1129192 + D1210291 T Dl
E TZ = DZlél + D22é2 + Dleél2 + D222922 + D2129192 + D2219291 + DZ

e




D, =(m, +m,)d} +m,d? +2m,d,d, cosé,

D,, = m2d22
D, =D,, =m,d; + m,d,d, cos 8, = m,(d; +d,d, cosb,)
Dy, =0

D,,, = -m,d,d, siné,
D,,, =m,d,d,sing,
D222 =0

Dy, = Dy, =-m,d,d, sino,
D212 — D221 =0

D, = (m, +m,)gd, sin6, + m,gd, sin(6, +6,)
D, =m,gd,sin(@, +6,)
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4.1.2 Two Solutions for Dynamic Equation

A

» Lagrangian Formulation ’

Dynamic Equations:
d oL oL

T =——F—
Y odro6, o6, (4.6)
(xlayl)
=4 oL ok (4.7)
dt 06, 06, lg

:_Dlll D12 |:.9:1:|+|:D111 122:||:02:|+|:D112 121:||:96 :| |:D1j| (410)
_D21 92 D211 222 0 D212 221 0,0 DZ
I FZl



4.1.2 Two Solutions for Dynamic Equation

A

» Lagrangian Formulation ’

Dynamic Equations:

d oL oL
YT dr o6, 06, (4.6)
d oL oL (4.7)

T,=% -
dt 96, 00,

#y o = (coupled inertial): 2193,/ IHIE fﬁ%ﬁj,zﬁﬁiﬁﬁf\f 7

T}D FHD }FHD }{MHD} (4.10)
7T2 D22 92 D211 222 0 D212 221 9 H D2
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4.1.2 Two Solutions for Dynamic Equation

A

» Lagrangian Formulation ’

Dynamic Equations:

~d oL oL
Y odro6, o6,

(4.6)

=4 oL ok (4.7)
dr 96, 00,

A
' m:
(x29 J72)

] I35 (acceleration centripetal) & %4 -

R R FEAE R, B PR AR ) O ]
ﬂj|:|:Dll D12:||:.9:1:|+ Dlll D122:||:0:12:|+|:D112 D121:||:9:10:2:|+|:D1j| (410)
T2 D21 D22 92 D211 D222 02 D212 D221 0261 DZ
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4.1.2 Two Solutions for Dynamic Equation

» Lagrangian Formulation
Dynamic Equations:

d oL oL
Ydr o8, 06, (4.6)
d oL oL
=L (4.7)
dt 00, 90,

B B 033 & (Coriolis accelaration) & %4 :
R, eI B 5| B AR ¢ 19 b= A 1) &F G /7 (Coriolis force)

ZL:|:|:D11 D12:||:.9:1:|+|:D111 122:||:02:|+|:D112 121 |:98 :| |:D1:| (410)
T2 D21 D22 92 D211 222 0 212 221 0,0 D2
I F24




4.1.2 Two Solutions for Dynamic Equation

A

» Lagrangian Formulation ’

Dynamic Equations:

d oL oL
=
dt 06, 96,

(4.6)

=4 oL ok (4.7)
dr 96, 00,

Written in Matrices Form:

]-;lj|:|:Dll D12:||:é:1:|+|:D111 122:||:02:|+|:D112 121:||:96 :| |: 1j| (410)
7T2 D21 D22 92 D211 222 0 D212 221 0 H




Lagrangian Formulation of Manipulator Dynamics

e BB E ) LT, SKIFME DL

(1) KF28iE (6,=0) (2) KFi2ARZLHR (1,=0)
T1:D11é1 T,=D,6,+D,0,=0 = 652 =—&él

T.=D.0 D2 .. Dy,
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e AR

Lagrangian Formulation of Manipulator Dynamics

B AR PR RS AT O 2 1) P A2 3 2 2 |

\
g% ez COS 82 Dll D12 D22 ]1 [2
b 0° 1 6 2 1 6 2
] 90° 0 4 1 1 4 3
7= 180° -1 2 0 1 2 2
# | 270° 0 4 1 1 4 3
Hhy 0° 1 18 8 4 18 2
il 90° 0 10 4 4 10 6
W 180° -1 2 0 4 2 2
#, | 270° 0 10 4 4 10 6
ﬁ 0° 1 402 200 100 402 2
rjaﬁ 90° 0 202 100 100 202 102
ph 180° -1 2 0 100 2 2
%?Z 270° 0 202 100 100 202 102
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4.1.2 Two Solutions for Dynamic Equation

= Newton-Euler Dynamic Formulation

: a particle
Newton’s Law
\ I~
F =mad ‘ \\
Inertial

d Frame

—(mv) =F

dt /‘ "~ rate of change of the

linear momentum is equal

Linear Momentum to the applied force

l @ =my

5



4.1.2 Two Solutions for Dynamic Equation

= Newton-Euler Dynamic Formulation

Rotational Motion

)
Angular Momentum I

|
Zpixmivi
= ¢ = Zmipi x(a)xpi)

m, — pdv (o : density)

i
] .
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4.1.2 Two Solutions for Dynamic Equation

= Newton-Euler Dynamic Formulation

Rotational Motion

Angular Momentum
|

¢:Jpx(wx p) pdv

4=l

|

—ppody

-

Q) "

@

Inertia Tensor

-



4.1.2 Two Solutions for Dynamic Equation

» Newton-Euler Dynamic Formulation

myv, = F_ (Newton Equation)
[.o+ox(I.w)=N

(Euler Equation)

where m is the mass of a rigid body, 7. e R*® represent inertia
tensor, F Isthe external force on the center of gravity, N is the
| rque on the rigid body, v represent the translational velocity,

hile w Is the angular velocity.
I FBZ




4.1.2 Two Solutions for Dynamic Equation

L. SRAR P UL e R R IE ST B, 7K

B, B\ RIHHILEN sz, Frbla] PRiss) iR
B RSt EHhiss).

e fif: RGO HIFIRTERE N [, BaE
BHAVH T RN z 5, A

[0 | o] [0 [0
To=10 oxIo=0|x| 0 |=|0
10 0| [10] |0
| O | . Lcoosd |
N = 0

1H HENT

H

| 7 —mgL, C0SO |




_O_ _O_ _O O

0
N = 0
7 —mgL, C0s6

HERBEH TR [+ wx ([.w)=N

16 + mgL_cosé =1
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4.1.2 Two Solutions for Dynamic Equation

» Langrangian Function L is defined as:

L=K-P (4.)
_ —
Kinetic Energy Potential Energy

» Dynamic Equation of the system (Langrangian
Equation):

d oL OL .
i . ’121’2"”” (42)
dt 0q, 0q,

1

where g; is the generalized coordinates, 4,
represent corresponding velocity, F; stand for
corresponding torque or force on the ith coordinate.
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4.1.2 Two Solutions for Dynamic Equation

2. 38 Fr % B H a3 77 A2 20K 2 2 i1 B H Wiﬁ

W ReN] SRR, A
K =%[6"2 P =mgL_siné
L:K—P:%]@'Z—mchsine

o _16 oL

PY: v —mgL_ cos@

oL

Fi % B 32 5y 15 R _(__]__:T

oq

=> J6+mgL cosd =1
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4.1.2 Two Solutions for Dynamic Equation
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$ 4.1.2 Two Solutions for Dynamic Equation

v NP2 HBEERIT, kg LR DLEE#ESEE) R,
(HBEE H R 3E Z E 5 o K= 8 0

e SR, FEH—BAEER TS —ANEMRES), BIMEXT
T2 BHEMVMWTF L TEE0 A, FEES TRk,
HTFHESHRRE— R ARKHEE, BrEE R e Sk
PRI K A 0] 8L
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4.2 Dynamic Equation of a Manipulator

» Forming dynamic equation of any manipulator
described by a series of A-matrices:

(1) Computing the Velocity of any given point;
(2) Computing total Kinetic Energy;

(3) Computing total Potential Energy;

(4) Forming Lagrangian Function of the system;

(5) Forming Dynamic Equation through Lagrangian

e Equation.

o



4.2.1 Computing the Velocity

¢ Velocity of point P on link-3:

d d :
Ovp ZE(O”])) ZE(Tssl’p) =T33”p

i i . Kl4.4 TUEFFHLIR
» Velocity of any given point AT

on link-I:

i T ’
v:;{::(za : q.lel" (415)

7104,

o



4.2.1 Computing the Velocity

03 |
_ _ 2 NP
e Acceleration of point P: \ N,
42 B3 o
Ol #FF1
d d d (& 0T, o
0y =20 Y=L (73 =L N | 04
4 =g =g ) dt(; oq, qu L -
Kl4.4 PUE ‘
i%iq (3r )+ 23123: aZT3 0 (3r) LH*M%HZ?
Hogq, dt ')V \G56q.0q, )T

o



4.2.1 Computing the Velocity

» Square of velocity

("v,)* =(v,)-Cv,) =Tracel("v,)("v,)"]

B 30T, . (0T . s 1
= Trace Z@ qj(rp)-z —8 q, (l'p))/O
|09, k=1\ O | 4.4 DUEFFHUR T

PERERYY, T.”
= Trace] 33 5 Cr)(r, )" T2 g,
% O s oq, ’

J J

The trace of an square matrix is defined to be the

== sum of the diagonal elements.
43




4.2.1 Computing the Velocity

03 |
. % ~Tp
« Square of velocity of AN
. . A .
any given point: et
Ol #4F1
e HF 4
04
o >

o



4.2.2 Computing the Kinetic and Potential Energy

03 |
k2 A
» Computing the Kinetic Energy . 7 eyt .
AT EAE— R AP R o o -
Jgdm,  TE ) REA: L
O
dK, - % v2dm 4.4 POERFHLKT

o



4.2.2 Computing the Kinetic and Potential Energy

e Kinetic Energy of any particle on link-1 with
position vector ir :

o1,
7). ¢ ——Tmce ZZ ” r' 4,4, |dm
=gy 8%
1 O, ' or' . |
= —Trace 9,9,
2 j=1 k=1 qj aq,

¢ Kinetic Energy of link-3:
1 3 s fonY
K, = I dK3=ETrace[Z (I r, dm)(a—qkj qjqk]

: link3 j=1 k=1 q] link3

o



4.2.2 Computing the Kinetic and Potential Energy

» Kinetic Energy of any given link-I:

K = | dK,
link i
1 L oT, [ ar,
= _—Trace L1 —L | g4 (4.17)
2 {;;a‘b (8 kJ qﬂk}
» Total Kinetic Energy of the manipulator:
" 13 n L OT,  oT'
K=K ==>T L 4.4 4.19
2 XA race{;; qu oq, q qk:| ( )

FF;



4.2.2 Computing the Kinetic and Potential Energy

» Computing the Potential Energy

Potential Energy of a object (mass m) at / height:
P =mgh

so the Potential Energy of any particle on link-i
with position vector ir :

g =lg..g,.8.1] dP. = —dmg"r =—g" T, rdm

where
P= I dEz—j gTZirdmz—gTﬂj ‘rdm

link i link link i

_ T i, Trpi
=—g Tm, r,=—mg T,

o



4.2.2 Computing the Kinetic and Potential Energy

» Potential Energy of any particle on link-1 with
position vector ir :

dP. = —dmg"r =—g' T, rdm

» Total Potential Energy of the manipulator:

P:Zn:(ljz _Pai) zznlpl
- - (4.21)
- _ZmigTTiiri
=1

o



4.2.3 Forming the Dynamic Equation

» Lagrangian Function

L=K, -P

n ] I

1 8T aT : 1 R
— Z Trace q, g
211]1k1 q, aqk 27




4.2.3 Forming the Dynamic Equation

» Derivative of Lagrangian function

5



4.2.3 Forming the Dynamic Equation

» According to Eq.(4.18), I;is a symmetric matrix,
lead to

T T T
Tmce[az I oL, j Tmce[aﬂ I or, j:Tmce[az I, oL, ]

oq, ' oq, oq, ' 0Oq, dq,  0q,

L LN T T
6—.: Trace or, I, 2 I 1,9,
aq p il k=l 8qk dq »

e



4.2.3 Forming the Dynamic Equation

e



4.2.3 Forming the Dynamic Equation
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4.2.3 Forming the Dynamic Equation

» Dynamic Equation of a n-link manipulator:

2, or, T . ., .
aqk Jj aql Qk aiQi

U, 2 or." : |
+ZZJ;2TMC€(58§ I J. ]q-kq-m_zmjgrggzri (4.23)

- ER: BRBEIS E ) IAEN LT A5 ] ) B
EATR B2 m B IYURF R et E e E. HA
T m I s, meb DAE R A RS B




4.3 Summary

= Two methods to form dynamic equation of a rigid body:
» Lagrangian Equation (Energy-based)
+ Newton-Euler Equation (Force-balance)

» Summarize steps to form Lagrangian Equation of n-link
manipulators:
+ Computing the Velocity of any given point;
» Computing total Kinetic Energy;,
» Computing total Potential Energy;
» Forming Lagrangian Function of the system;
« Forming Dynamic Equation through Lagrangian Equation.
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