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1. ����mbJMV2	.2vn
,4�	`N�A"�.} (C0?$
�v19��), �S5zK=;�	0U�>uY
:. _w
:$z�F [1-11], [15-23]���D[�G_k.�S, �� [4]I), %�aLZV	.
,4�	`N"�12�RQ:. $��, N. Andrei2 [4] N<?V>(&Zq,� , �%�Cq�~6GK�?>mb�6G,l=B6M>�6�fZj>`N, mL)Y 14 elE`N.G=U�>*, _k [8] �%�gYu>mbR!:

dTk yk−1 = −tgTk sk−1, (1.1)L)Ymb�6>w>��Z':

βDL+
k = max

{

gTk yk−1

dTk−1yk−1
, 0

}

− t
gTk sk−1

dTk−1yk−1
, (1.2)�N dk−1 * k− 1/H4>=BZq, gk * k /H4q�~6>JMqX, yk−1 , gk − gk−1,

sk−1 , xk − xk−1, t ≥ 0 *�C�6, βDL+
k <*mb�6.U�Z��mb�6>Z'�U, 
_0io4Y�Q��> Armijo l=Bv7, av7�2wg)8�H4�� , S��wU"=;�?g��=BZq"���;>mb�6G. �\a�6G�?'' (1.2) n;, D�bh�!.ÆJ=BZq>ZV#D\wy

DL mbJMV, ��.��Y	.
,4�	`N>?V. 
_0i%Bl<LwymbJM?V>+J}, ��12(�>R!g#RY?V>�=.U}Nb. T{6G,�, bh�w?VU�"L;ZV4|�?t`�(. -z�l
_L)>wy DL mbJM?VA"j�>6G�j.

* 2012 { 2 / 22 �/<.
1) �1pr: y�\�H��1YT (�1�: 71071162, 70921001).
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2. �io�f�i��q
�i�m
,4�	`N>6�ny�g:

min f(x), x ∈ Rn, (2.1)�N f : Rn → R *T�I[~6.� g : Rn → Rn �( f >JM~6. � x0 * (2.1) >��(&5;.. 7	.`N (2.1)>�WmbJMV*I!�g�?{& $5;.�[ {xk}:

xk+1 = xk + αkdk, k = 0, 1, . . . , (2.2)�N αk !ol=Bv7ÆJ>� , dk *!g'ÆJ>=BZq�
dk =

{

−gk, �z k = 0,

−gk + βkdk−1, �z k > 0.
(2.3)

(2.3) 'N βk #amb�6, ���Z'��o?V.U}^e, �F*DJY?V>6Gt`, �SA"S�>
:��. βk >8G��Z'I�F [14].\Y%mbJMZVA	�ZV (�y|PV) >I>, _k [8] Q�dlZ&:)Y�gÆJ βk >ZV (#\ DL ZV):

βDL
k =

gTk (yk−1 − tsk−1)

dTk−1yk−1
. (2.4)�%wq<��t��s	`N#R.LZV>�=.U}, _k [8] 4��L)� (1.2) 'N> βDL+

k 4P (2.4) 'N> βDL
k �?mb�6G.�uF), 8 t =

2‖yk‖
2

sTk yk
", (2.4) 'Iv$

βk =
1

dTk yk

(

yk − 2dk
‖yk‖

2

dTk yk

)T

gk+1. (2.5)F$��<* [12] Ng)>mb�6>��l'. _5, _k [1] No4Y�g�LmbJMZV:

dk = −gk + λk

(

I −
gkg

T
k

‖gk‖2

)

dk (2.6)�N λk *gJ�X�I * n +6^?=, S dk *e^�JR!>�CZq. a_4��I), �E�RmbJMZV (� [23]) LI�F$F>I2�{.1 (2.6) �U, bh_ dk = dk−1, 1% (2.6) 'W�`% yTk−1, �
yTk−1dk = −yTk−1gk + λky

T
k−1

(

I −
gkg

T
k

‖gk‖2

)

dk−1.



3 � B<| A: Mxz DL n
KNW�; 2990S=; λk >�g��Z':

λk =
yTk−1gk + yTk−1dk

yTk−1

(

I −
gkg

T
k

‖gk‖2

)

dk−1

=
gTk yk−1 + dTk yk−1

((

I −
gkg

T
k

‖gk‖2

)

dk−1

)T

yk−1

=
gTk yk−1 + dTk yk−1

dTk−1

(

I −
gkg

T
k

‖gk‖2

)

yk−1

. (2.7)2 (2.7) N���6 t, �Fv$:

λk =
gTk (yk−1 − tsk−1) + tgTk sk−1 + dTk yk−1

dTk−1

(

I −
gkg

T
k

‖gk‖2

)

yk−1

. (2.8)Q� [8] N>w>mbR! (1.1), �_ t = 1, 7=;
_��mb�6>ZV:

βN
k =

gTk (yk−1 − sk−1)

dTk−1

(

I −
gkg

T
k

‖gk‖2

)

yk−1

. (2.9)� βN
k \�+�bh%L)Ywy DL mbJMZV.*gK, bho4�Qwyl=Bv7, av7�7wg)8�H4�� , S�U"ÆJg��=BZq"���;>mb�6G (2.9). <*:, w>l=Bv72ÆJ8�H4F,>� >U"�g)Yg��>=BZq. al=Bv7�g: gJ 0 < δ < 1, η > 0,

0 < c < 1, ��� αk ∈ max
{

ρj , j = 0, 1, 2, · · · ,
}

, %=��'
f(xk + αkdk) ≤ fk + δαkg

T
k dk (2.10)�

g(xk + αkdk)
Td(xk + αkdk) ≤ −c‖g(xk + αkdk)‖

2 (2.11)$R, �N d(xk + αkdk) = −g(xk + αkdk) + β̃k+1dk. 8R!
dTk

(

I −
g(xk + αkdk)g(xk + αkdk)

T

‖g(xk + αkdk)‖2

)

yk > η‖gk‖
2$R",

β̃k+1 =
g(xk + αkdk)

T (yk − sk)

dTk

(

I −
g(xk + αkdk)g(xk + αkdk)

T

‖g(xk + αkdk)‖2

)

yk

. (2.12)
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12\`?6 j0, α = ρj0 %= (2.10) '� (2.11) '$R.�}. )$�, _
tk =

(1− c)η‖gk‖
2

(L+ 1)‖dk‖2
,�N L *P~fX�6. 8 α < tk ", �

dTk

(

I −
g(xk + αdk)g(xk + αdk)

T

‖g(xk + αkdk‖2

)

yk ≤ η‖gk‖
2,7 β̃k+1 = 0, g(xk + αdk)

Td(xk + αdk) = −‖g(xk + αdk)‖
2 < −c‖g(xk + αdk)‖

2. �
dTk

(

I −
g(xk + αdk)g(xk + αdk)

T

‖g(xk + αkdk‖2

)

yk > η‖gk‖
2,7

g(xk + αdk)
Td(xk + αdk)

= −‖g(xk + αdk)‖
2 +

g(xk + αdk)
T (yk − sk)

dTk

(

I −
g(xk + αdk)g(xk + αdk)

T

‖g(xk + αdk)‖2

)

yk

g(xk + αdk)
Tdk

≤ −‖g(xk + αdk)‖
2 +

|g(xk + αdk)
T (yk − sk)|

dTk

(

I −
g(xk + αdk)g(xk + αdk)

T

‖g(xk + αdk)‖2

)

yk

|g(xk + αdk)
Tdk|

< −‖g(xk + αdk)‖
2 +

‖g(xk + αdk)‖
2(L+ 1)α‖dk‖

2

η‖gk‖2

< −c‖g(xk + αdk)‖
2.rK� α < tk, <" g(xk + αdk)

T d(xk + αdk) < −c‖g(xk + αdk)‖
2.gBe^ (2.11) > α ℄"�ee^ (2.10). �XBV. �� ∀α < tk, " f(xk + αdk) >

f(xk) + δαgTk dk $R. i�NGJNI=:

g(xk + θαdk)
Tαdk > δαgTk dk, 0 < θ < 1,�

g(xk + θαdk)
Tdk > δgTk dk._ α → 0, = gTk dk > δgTk dk, � (1 − δ)gTk dk > 0, 0SC gTk dk > 0. <'N� dk *g&ZqfQ.
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βk =

gTk (yk−1 − sk−1)

dTk−1Hkyk−1
, (2.13)�N

Hk = I −
gkg

T
k

‖gk‖2* Rn �O"}j gTk x = b (b *��gJ�6) >X�?Z. 4��_ yk−1 = Hkyk−1, 7 βkIv$:

βk =
gTk (yk−1 − sk−1)

dTk−1yk−1
. (2.14)�., �%w>l=Bv7, 
_��mb�6>Z'\�

β̃k+1 =

{

βk+1, � dTk Hk+1yk > η‖gk‖
2,

0, _7,
(2.15)0Sg)Yg��>=BZq:

dk+1 = −g(xk+1) + β̃k+1dk, k ≥ 0. (2.16)� 1. !% d0 = −g(x0) *'^g&Zq, i�JN 1 >Bl{&, ��6�xsVIC:

∀k ≥ 0, dk *'^g&Zq.� 2. �uBl, X�?Z Hk = I −
gkg

T
k

‖gk‖2
*O#��J>, � ‖Hk‖ = 1. �\ Hk 2

(2.14) N)j2^p^M, \Æi^p\℄, bh��l' (2.15) � (2.16) ÆJ=BZq.� 3. �\ (2.14) 2{'�' βDL n;, rbh�
_L)>ZV#awy DL mbJMZV. )$�, 8��6Æl=B""R! gTk dk−1 = 0 $R, 0S
dTk−1yk−1 = dTk−1

(

I −
gkg

T
k

‖gk‖2

)

yk−1 = dTk−1yk−1 −

(

dTk−1gk
) (

gTk yk−1

)

‖gk‖2
= dTk−1yk−1,�l' (2.14) ' (2.4) nU (t = 1). �., L;% DL ZV, 
_L)>wy> DL mbJMZVUÆA"y|PZV>I>.� 4. �% (2.9) *��w>mbR! (1.1) =), bh#
_
:>ZV\wy DL mbJMZV.L., 	.
,4�	`N (2.1) >wy DL mbJM?VIk3�g:�k 1. (wy DL mbJM?V)� 0. gJ�6 0 < δ < 1, η > 0, 0 < c < 1, ρ ∈ (0, 1), ǫ > 0, ��(&F x0 ∈ Rn, �?

d0 = −g(x0). M k := 0.� 1. �z ‖gk‖ ≤ ǫ, 7?VPJ. _7, V�� 2.� 2. �w>l=Bv7 (2.10), (2.11) � (2.12) �?� αk �mb�6 β̃k+1.� 3. _ xk+1 := xk + αkdk, ! (2.15), (2.16) �? dk+1. M k := k + 1. V� 1.� 4. !JN 1 �U 1 C, ?V 1 *+J>.
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3. �v�z�
,Nbh
:?V 1 >�=.U}.0ia�g��}��:r� 1. 9}� Ω = {x ∈ Rn | f(x) ≤ f(x0)} "0.r� 2. 2 Ω >oe\) N v, f T�I[, �JM~6 g P~fXT�, �12��6

L > 0 %=
‖g(x)− g(y)‖ ≤ L‖x− y‖, ∀x, y ∈ N. (3.1)�\ {f(xk)} *g&>, r!?V 1  $>�[ { xk } �}%!�� 1 ÆJ>"09}�N, �S12.UZ[. \�6� , �!��}, � { xk } 
�.U. ^�Zj, !�� 2C, 12�6 γ1 > 0 %=

‖g(x)‖ ≤ γ1, ∀x ∈ Ω. (3.2)�., �[ { gk } "0.gj>�N:l� αk 2g�H4N�ÆHs.�y 1. � {αk} *!?V 1 � >� �[. 8�� 2 $R", 
12�6 m > 0, ��'
αk ≥ m

‖gk‖
2

‖dk‖2
(3.3)�$R.�}. ! αk >�VIC, αkρ

−1 
�wU"e^ (2.10)(2.11), �
f(xk + αkρ

−1dk) > fk + δαkρ
−1gTk dk, (3.4)�

g(xk + αkρ
−1)Td(xk + αkρ

−1) > −c‖g(xk + αkρ
−1dk)‖

2 (3.5)W;NL��e$R.� (3.4) $R. !NGJN,

g(xk + θαkρ
−1dk)

Tαkρ
−1dk = f(xk + αkρ

−1dk)− f(xk) > δαkρ
−1gTk dk, 0 < θ < 1,7"

g(xk + θαkρ
−1dk)

Tdk > δgTk dk.%*
Lαkρ

−1‖dk‖
2 > (g(xk + θαkρ

−1dk)− g(xk))
T dk > (δ − 1)gTk dk > (1− δ)c‖gk‖

2.!.=
αk >

c(1− δ)ρ‖gk‖
2

L‖dk‖2
.
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αkρ
−1 > tk =

(1− c)η‖gk‖
2

(L+ 1)‖dk‖2
,%*

αk >
(1− c)ηρ‖gk‖

2

(L+ 1)‖dk‖2
.�

m = min

{

c(1− δ)ρ

L
,
(1 − c)ηρ

L+ 1

}

.7�N=B.�y 2. � dk ! (2.12) ÆJ. 8�� 1 � 2 $R", 
":

∑

k≥0

‖gk‖
4

‖dk‖2
< ∞. (3.6)�}. ! (2.10), �N 1 ��� 1 C:

0 < cδm
‖gk‖

4

‖dk‖2
< cδαk‖gk‖

2 < −δαkg
T
k dk ≤ fk − fk+1.�S,

0 < cδm

n1
∑

k=0

‖gk‖
4

‖dk‖2
< f0 − fn1

< 2M,�N f0 = f(x0). _ n1 → ∞, �=-b.�y 3. �� �=BZq αk, dk ! (2.10)-(2.15) � (2.3) ÆJ. 8�� 1 � 2 $R",
":

‖dk+1‖ ≤ (2 − c)‖gk+1‖. (3.7)�}. !l=B (2.10), (2.11) IC, �z=;> dk+1 = −gk+1, 7-b[�$R. _7!JN 1 > tk, 8 αk ≤ tk "��
αk ≤

(1− c)η‖gk‖
2

(L+ 1)‖dk‖2
."

‖dk+1‖ < ‖gk+1‖+
|gTk+1(yk − sk)|

dTk (I −
gk+1g

T
k+1

‖gk+1‖2
)yk

‖dk‖

≤ ‖gk+1‖+
‖gk+1‖(L+ 1)αk‖dk‖

2

η‖gk‖2

≤ (2− c)‖gk+1‖.
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lim
k→∞

inf‖gk‖ = 0. (3.8)�}. !�N 2 ��N 3 C,

‖gk‖
2

(2− c)2
<

‖gk‖
4

‖dk‖2
→ 0, k → +∞.%*,

lim
k→∞

inf‖gk‖ = 0.

4. ����2
,N, bh� [13] N> 17 e�W�,`N�B?V 1 6Gt`, `N>℄60 2; 1000. \:lwy DL ?V>�F, bh�F��" DL ZV, Gy>mbJM?V (�J
PRP � FR ?V) ��mbJMZV [17] 4|Y�(.D"4d� MATLAB 7.0v$, �2 PC 2.20 GHz CPU, 760M RAM � Windows XP �9g0|. ns�6���g:

ǫ = 10−6, ρ = 0.75, δ = 0.4, η = 0.01.f?V>6G�j � 1 �� 2. � 1 � 2 N>��>��*:

DIM : q�~6>℄6;

NI: H4/6;

NF : q�~6�?/6;

NG: JMG>�?/6.

this: 
_��>ZV;

prp: �W PRP mbJMV;

msprp : �mbJMV [17];

fr: Fletcher-Reeves(FR) V;

dl: Dai-Liao V [8](F*��*6�).0� 1 �� 2 >0?-zI�F), wy DL mbJM?VA"j�>6G�j: +�	.
℄�	`N, �H4/6, �~6G>�?/6, �JMG>�?/62�R�W�,`NNL�%a�(>ZV.u|. 
_L)Y�L	.
,4�	`N>wy DL mbJMV, #RYaZV>�=.U}Nb. 6G,��l, U�"n;ZVn�,wymbJM?VA"j�>�?t`.
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~��lhÆ{dt
Functions algorithm DIM NI NF NG

this 2 22 500 478

Rosenbrock prp 2 71 1160 71

msprp 2 32 598 33

fr 2 74 1428 75

this 3 44 1027 983

Box three-dimensional prp 3 321 1840 321

msprp 3 174 430 175

fr 3 38 195 39

this 4 61 1020 959

Powell singular prp 4 280 3312 280

msprp 4 136 2007 137

fr 4 192 3904 193

this 6 200 2463 2463

Biggs EXP6 prp 6 689 4834 689

msprp 6 827 3057 828

fr 6 392 3384 393

this 40 315 5991 5676

Penalty II dl 40 1326 4085 1838

prp 40 441 3927 441

msprp 40 652 9581 653

fr 40 227 3198 228

this 1000 34 821 821

Extended Rosenbrock dl 1000 23 119 68

prp 1000 189 3270 189

msprp 1000 296 6116 297

this 1000 11 233 233

Penalty I dl 1000 29 93 69

prp 1000 21 183 21

msprp 1000 11 133 12

fr 1000 13 121 14

this 100 53 471 471

trigonometric dl 100 58 106 104

prp 100 99 102 100

msprp 100 124 36 124
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~��lhÆ{dt
Functions algorithm DIM NI NF NG

this 500 33 753 753

Broyden tridiagonal dl 500 34 109 41

prp 500 101 679 101

msprp 500 32 472 33

fr 500 56 767 57

this 100 19 622 622

Brown almost-linear prp 100 61 800 61

msprp 100 28 901 29

fr 100 13 329 14

this 100 1257 20278 20278

Discrete boundary value prp 100 612 4704 612

msprp 100 1280 3538 1281

fr 100 8228 99232 8229

this 100 6 43 43

linear function-full rank prp 100 29 191 29

msprp 100 9 18 10

fr 100 16 22 17

this 2 52 5163 5163

Brown badly scaled prp 2 1717 95952 1717

msprp 2 49 4863 50

fr 2 - - -

this 4 170 1779 1609

Wood prp 4 299 3708 299

msprp 4 188 3742 189

fr 4 368 7600 369

this 3 47 1065 1065

Helical valley prp 3 94 948 94

msprp 3 31 581 32

fr 3 57 916 58

this 3 63 142 87

Bard prp 3 180 1586 180

msprp 3 64 1067 65

fr 3 214 4469 215

this 3 7 112 112

Gaussian prp 3 30 150 30

msprp 3 10 25 11

fr 3 12 54 13
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A NEW DL-TYPE CONJUGATE GRADIENT METHOD FOR

NONCONVEX UNCONSTRAINED OPTIMIZATION PROBLEMS

Deng Songhai Wan Zhong

(School of Mathematics and Statistics, Central South University, Changsha 410083, China)

Abstract

In this paper, a new DL-type conjugate gradient method is proposed for solving noncon-

vex unconstrained optimization problems. Different from the existent ones, a new modified

Armijo-type line search rule is constructed to give both the steplength and the conjugated

parameter being used to determine a search direction in the mean time at each iteration.

Under weak conditions, the global convergence of the developed algorithm is established.

Numerical experiments show the efficiency of the algorithm, particularly in comparison with

the similar ones available in the literature.

Keywords: unconstrained optimization; conjugate gradient; global convergence; inex-

act line search; descent algorithm
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