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Differential Evolution Algorithm With Strategy
Adaptation for Global Numerical Optimization

A. K. Qin, V. L. Huang, and P. N. Suganthan

Abstract—Differential evolution (DE) is an efficient and powerful
population-based stochastic search technique for solving optimiza-
tion problems over continuous space, which has been widely applied
in many scientific and engineering fields. However, the success of
DE in solving a specific problem crucially depends on appropriately
choosing trial vector generation strategies and their associated
control parameter values. Employing a trial-and-error scheme to
search for the most suitable strategy and its associated parameter
settings requires high computational costs. Moreover, at different
stages of evolution, different strategies coupled with different
parameter settings may be required in order to achieve the best
performance. In this paper, we propose a self-adaptive DE (SaDE)
algorithm, in which both trial vector generation strategies and their
associated control parameter values are gradually self-adapted by
learning from their previous experiences in generating promising
solutions. Consequently, a more suitable generation strategy along
with its parameter settings can be determined adaptively to match
different phases of the search process/evolution. The performance
of the SaDE algorithm is extensively evaluated (using codes avail-
able from P. N. Suganthan) on a suite of 26 bound-constrained
numerical optimization problems and compares favorably with the
conventional DE and several state-of-the-art parameter adaptive
DE variants.

Index Terms—Differential evolution (DE), global numerical
optimization, parameter adaptation, self-adaptation, strategy
adaptation.

1. INTRODUCTION

VOLUTIONARY ALGORITHMs (EAs), inspired by
E the natural evolution of species, have been successfully
applied to solve numerous optimization problems in diverse
fields. However, when implementing the EAs, users not only
need to determine the appropriate encoding schemes and
evolutionary operators, but also need to choose the suitable
parameter settings to ensure the success of the algorithm,
which may lead to demanding computational costs due to the
time-consuming trial-and-error parameter and operator tuning
process. To overcome such inconvenience, researchers have
actively investigated the adaptation of parameters and oper-
ators in EAs [1]-[3]. Different categorizations of parameter
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adaptation methods have been presented in [4]-[6]. Angeline
[4] summarized two types of parameter updating rules in an
adaptive EA, namely, absolute and empirical rules. Absolute
updating rules usually prespecify how the parameter modifi-
cations would be made, while empirical updating rules adapt
parameters according to the competition inherent in EAs. Liter-
ature [5] divided the parameter adaptation techniques into three
categories: deterministic, adaptive, and self-adaptive control
rules. Deterministic rules modify the parameters according to
certain predetermined rationales without utilizing any feedback
from the search process. Adaptive rules incorporate some form
of the feedback from the search procedure to guide the param-
eter adaptation. Self-adaptive rules directly encode parameters
into the individuals and evolve them together with the encoded
solutions. Parameter values involved in individuals with better
fitness values will survive, which fully utilize the feedback from
the search process. Generally speaking, self-adaptive rules can
also refer to those rules that mainly utilize the feedback from
the search process such as fitness values to guide the updating
of parameters.

The differential evolution (DE) algorithm, proposed by
Storn and Price [7], is a simple yet powerful population-based
stochastic search technique, which is an efficient and effective
global optimizer in the continuous search domain. DE has
been successfully applied in diverse fields such as mechanical
engineering [13], [14], communication [11], and pattern recog-
nition [10]. In DE, there exist many trial vector generation
strategies out of which a few may be suitable for solving a
particular problem. Moreover, three crucial control parameters
involved in DE, i.e., population size NP, scaling factor F', and
crossover rate (CR), may significantly influence the optimiza-
tion performance of the DE. Therefore, to successfully solve a
specific optimization problem at hand, it is generally required
to perform a time-consuming trial-and-error search for the most
appropriate strategy and to tune its associated parameter values.
However, such a trial-and-error searching process requires
high computational costs. Moreover, as evolution proceeds,
the population of DE may move through different regions in
the search space, within which certain strategies associated
with specific parameter settings may be more effective than
others. Therefore, it is desirable to adaptively determine an
appropriate strategy and its associated parameter values at
different stages of evolution/search process. In this paper, we
propose a self-adaptive DE (SaDE) algorithm to avoid the
expensive computational costs spent on searching for the most
appropriate trial vector generation strategy as well as its asso-
ciated parameter values by a trial-and-error procedure. Instead,
both strategies and their associated parameters are gradually
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self-adapted by learning from their previous experiences in
generating promising solutions. Consequently, a more suitable
generation strategy along with its parameter settings can be de-
termined adaptively to match different search/evolution phases.
Specifically, at each generation, a set of trial vector generation
strategies together with their associated parameter values will
be separately assigned to different individuals in the current
population according to the selection probabilities learned from
the previous generations.

The remainder of this paper is organized as follows. The
conventional DE and related work are reviewed in Sections II
and III, respectively. Section IV describes the proposed
SaDE. Experimental results demonstrating the performance
of SaDE in comparison with the conventional DE and several
state-of-the-art adaptive DE variants over a suite of 26 bound
constrained numerical optimization problems are presented in
Section V. Section VI concludes this paper.

II. DE ALGORITHM

DE algorithm aims at evolving a population of NP D-di-
mensional parameter vectors, so-called individuals, which en-
code the candidate solutions, i.e., Xi ¢ = {2} g, .-, 4 g} i =
1,...,NP towards the global optimum. The initial population
should better cover the entire search space as much as pos-
sible by uniformly randomizing individuals within the search
space constrained by the prescribed minimum and maximum

parameter bounds X, = {zl. ....,z2 } and Xpax =
{zl. ., ..., oD, }. For example, the initial value of the jth pa-

rameter in the sth individual at the generation G = 0 is gener-
ated by
xj 0= x?nin—i—rand(O? 1) : (xzﬂax - x?nin) ?

21

j=12,....,D

)]
where rand(0, 1) represents a uniformly distributed random
variable within the range [0, 1].

A. Mutation Operation

After initialization, DE employs the mutation operation to
produce a mutant vector V; ¢ with respect to each individual
X, G, so-called target vector, in the current population. For
each target vector X; ¢ at the generation G, its associated mu-

tant vector V; ¢ = {v} 5,v? 4, - -, vP.} can be generated via

certain mutation strategy. For example, the five most frequently
used mutation strategies implemented in the DE codes! are
listed as follows:

1) “DE/rand/1”":

Vie =Xy 6+ F (Xs6-X0) @
2) “DE/best/1”:
Vi,,G = Xbest,G +F- (Xri,(}' - XTS,G) (3)

3) “DE/rand-to-best/1”:

Vio=Xi 6P (Xiest6 = Xi0)+F (X 6= Xop 6) @)

IPublicly available online at http://www.icsi.berkeley.edu/~storn/code.html

4) “DE/best/2”:
Vig= X},est,G—kF(X,ni’G —XT;G)JFF-(XT;G —XTLG) )
5) “DE/rand/2”:
Vio=X,; (X 6~ X1 6 (X 6= Xy ) - (6)

The indices 7%, 75, ré, ri, ré are mutually exclusive integers
randomly generated within the range [1, NP], which are also dif-
ferent from the index 7. These indices are randomly generated
once for each mutant vector. The scaling factor F' is a positive
control parameter for scaling the difference vector. Xy,eq(, g 18
the best individual vector with the best fitness value in the pop-
ulation at generation G.

B. Crossover Operation

After the mutation phase, crossover operation is ap-
plied to each pair of the target vector X; s and its cor-
responding mutant vector V; ¢ to generate a trial vector:
Uig = (ug g, ulg). In the basic version, DE em-
ploys the binomial (uniform) crossover defined as follows:

Uz{G’ if (randj [0, 1) S CR) or (] = jrand)

J
i b .
’ T G otherwise

UG:

In (7), the crossover rate CR is a user-specified constant
within the range [0, 1), which controls the fraction of parameter
values copied from the mutant vector. jyanq iS a randomly
chosen integer in the range [1, D]. The binomial crossover
operator copies the jth parameter of the mutant vector V; g
to the corresponding element in the trial vector U; g if
rand;[0,1) < CR or j = jrana. Otherwise, it is copied from
the corresponding target vector X; . There exists another
exponential crossover operator, in which the parameters of trial
vector U, ¢ are inherited from the corresponding mutant vector
V; ¢ starting from a randomly chosen parameter index till
the first time rand;[0, 1) > CR. The remaining parameters of
the trial vector U; ¢ are copied from the corresponding target
vector X; . The condition j = j,ang is introduced to ensure
that the trial vector U; ¢ will differ from its corresponding
target vector X; ¢ by at least one parameter. DE’s exponential
crossover operator is functionally equivalent to the circular
two-point crossover operator.

C. Selection Operation

If the values of some parameters of a newly generated trial
vector exceed the corresponding upper and lower bounds, we
randomly and uniformly reinitialize them within the prespeci-
fied range. Then, the objective function values of all trial vectors
are evaluated. After that, a selection operation is performed. The
objective function value of each trial vector f(U; ¢) is com-
pared to that of its corresponding target vector f(X; ) in the
current population. If the trial vector has less or equal objec-
tive function value than the corresponding target vector, the trial
vector will replace the target vector and enter the population of
the next generation. Otherwise, the target vector will remain in
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TABLE 1
ALGORITHMIC DESCRIPTION OF DE

Step1 Set the generation number G =0 , and randomly initialize a population of NP individuals
P, ={X1,o" NPG} with X { X6 ...,fo }, i=1,..., NP uniformly distributed in the range

X |, where X ={x'A D}andX ={x' xD}

‘min * ‘max min > * mm max ?***> ““max

[x
Step 2 WHILE stopping criterion is not satisfied

DO
Step 2.1 Mutation step

/*Generate a mutated vector V, , = {vz1 6> ...,viDG } for each target vector X, . */

FORi=1to NP

Generate a mutated vector Vl ¢ = {v‘.l‘G R ...,vfG } corresponding to the target vector X,.,G

via one of the equations (2)-(6).
END FOR
Step 2.2 Crossover step

/*Generate a trial vector U, ; = {u:’G , ...,ufG } for each target vector X, */

a) Binomial crossover
FOR i=1to NP
Jowa = | rand[0,1)* D |
FORj=1to D
Vvlg, if (rand[0,1)SCR) or (j = j i)

j .
x/s,  otherwise

Ul =
END FOR
END FOR
b) Exponential crossover
FOR i=1to NP
j=|rand[0,1)*D |, L=0
Ui=Xic
DO

.1
ulG 1

J=(i+1),

L=L+1
WHILE ( rand[0,1)<CR & L<D))
END FOR
Step 2.3 Selection step
/*Selection*/
FOR i =1 to NP

Evaluate the trial vector Ui G
IF f(U s f(X,), THEN X , =U ., f(X.)=f(U,)

IFfUg)<f(X,, ), THEN X, o =U ;. [(X,.c) = /(U,)
END IF

END IF
END FOR
Step 2.4 Increment the generation count G = G + |
Step3 END WHILE

* Acute brackets < > D denote modulo function with modulus D.

the population for the next generation. The selection operation The above 3 steps are repeated generation after generation
can be expressed as follows:

. [ U,q, if f(Uig) < f(Xiq)
Xig1 = {Xi,G, otherwise. (13)

until some specific termination criteria are satisfied. The algo-

rithmic description of DE is summarized in Table I.
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III. PREVIOUS WORK RELATED TO DE

The performance of the conventional DE algorithm highly
depends on the chosen trial vector generation strategy and as-
sociated parameter values used. Inappropriate choice of strate-
gies and parameters may lead to premature convergence or stag-
nation, which have been extensively demonstrated in [8], [16],
[17], [24], and [29]. In the past decade, DE researchers have
suggested many empirical guidelines for choosing trial vector
generation strategies and their associated control parameter set-
tings. Storn and Price [15] suggested that a reasonable value for
NP should be between 5D and 10D, and a good initial choice
of I was 0.5. The effective range of F' values was suggested
between 0.4 and 1. The first reasonable attempt of choosing
CR value can be 0.1. However, because the large CR value can
speed up convergence, the value of 0.9 for CR may also be a
good initial choice if the problem is near unimodal or fast con-
vergence is desired. Moreover, if the population converges pre-
maturely, either F' or NP can be increased.

It was recommended in [20] to use the trial vector genera-
tion strategy DE/current-to-rand/1 and parameter setting NP =
20D, K = 0.5, F = 0.8. If the DE converges prematurely, one
should increase the value of NP and F' or decrease the value
of K. If the population stagnates, one should increase the value
of NP or F, or randomly choose K within the range [0, 1]. If
none of the above configuration works, one may try the strategy
DE/rand/1/bin along with a small {\rm CR} value. Gdmperle et
al. [17] examined different parameter settings for DE on Sphere,
Rosenbrock, and Rastrigin functions. Their experimental results
showed that the searching capability and convergence speed are
very sensitive to the choice of control parameters NP, F', and
CR. They recommended that the population size NP be between
3D and 8D, the scaling factor F' equal 0.6, and the crossover
rate CR be between [0.3,0.9].

Recently, Ronkkonen et al. [21] suggested using F' values be-
tween [0.4,0.95] with F' = 0.9 being a good initial choice. The
CR values should lie in [0, 0.2] when the function is separable
while in [0.9, 1] when the function’s parameters are dependent.
However, when solving a real engineering problem, the charac-
teristics of the problem are usually unknown. Consequently, it
is difficult to choose the most appropriate CR value in advance.

In DE literatures, various conflicting conclusions have been
drawn with regard to the rules for manually choosing the
strategy and control parameters, which undesirably confuse
scientist and engineers who are about to utilize DE to solve
scientific and engineering problems. In fact, most of these
conclusions lack sufficient justifications as their validity is
possibly restricted to the problems, strategies, and parameter
values considered in the investigations.

Therefore, researchers have developed some techniques to
avoid manual tuning of the control parameters. For example,
Das et al. [29] linearly reduced the scaling factor F' with
increasing generation count from a maximum to a minimum
value, or randomly varied F' in the range (0.5,1). They also
employed a uniform distribution between 0.5 and 1.5 (with
a mean value of 1) to obtain a new hybrid DE variant [30].
In addition, several researchers [18], [24]-[26] focused on
the adaptation of the control parameters F' and CR. Liu and
Lampinen introduced fuzzy adaptive differential evolution

(FADE) using fuzzy logic controllers whose inputs incorporate
the relative function values and individuals of successive gen-
erations to adapt the parameters for the mutation and crossover
operations [18]. Based on the experimental results on test func-
tions, the FADE algorithm outperformed the conventional DE
on higher dimensional problems. Zaharie proposed a parameter
adaptation for DE (ADE) based on the idea of controlling
the population diversity, and implemented a multipopulation
approach [24]. Following the same ideas, Zaharie and Petcu
designed an adaptive Pareto DE algorithm for multiobjective
optimization and analyzed its parallel implementation [25].
Abbass [26] self-adapted the crossover rate of DE for multi-
objective optimization problems, by encoding the crossover
rate into each individual, to simultaneously evolve with other
parameter. The scaling factor F' is generated for each variable
from a Gaussian distribution N (0, 1).

Since our preliminary self-adaptive DE work presented in
[19], some new research papers focusing on the adaptation of
control parameters in DE were published. Omran et al. [27] in-
troduced a self-adapted scaling factor parameter F' analogous to
the adaptation of crossover rate CR in [26]. The crossover rate
CR in [27] is generated for each individual from a normal dis-
tribution N (0.5,0.15). This approach (called SDE) was tested
on four benchmark functions and performed better than other
versions of DE. Besides adapting the control parameters F' or
CR, Teo proposed differential evolution with self adapting pop-
ulations (DESAP) [22], based on Abbass’s self-adaptive Pareto
DE. Recently, Brest et al. [28] encoded control parameters F
and CR into the individuals and adjusted by introducing two
new parameters 7; and 7,. In their algorithm (called jDE), a
set of F' values were assigned to individuals in the population.
Then, a random number rand was uniformly generated in the
range of [0,1]. If rand < 7y, the F’ was reinitialized to a new
random value in the range of [0.1, 1.0], otherwise it was kept
unchanged. The CR was adapted in the same manner but with
a different reinitialization range of [0, 1]. Brest et al. further
compared the performance of several self-adaptive and adaptive
DE algorithms in [42]. Recently, the self-adaptive neighborhood
search DE algorithm was adopted into a novel cooperative co-
evolution framework [39]. Moreover, researchers improved the
performance of DE by implementing opposition-based learning
[40] or local search [41].

IV. SADE ALGORITHM

To achieve the most satisfactory optimization performance by
applying the conventional DE to a given problem, it is common
to perform a trial-and-error search for the most appropriate trial
vector generation strategy and fine-tune its associated control
parameter values, i.e., the values of CR, F, and NP. Obvi-
ously, it may expend a huge amount of computational costs.
Moreover, during different stages of evolution, different trial
vector generation strategies coupled with specific control pa-
rameter values can be more effective than others. Motivated
by these observations, we develop a SaDE algorithm, in which
both trial vector generation strategies and their associated con-
trol parameter values can be gradually self-adapted according
to their previous experiences of generating promising solutions.
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The core idea behind the proposed SaDE algorithm is elucidated
as follows.

A. Trial Vector Generation Strategy Adaptation

DE realizations employing different trial vector generation
strategies usually performs differently when solving different
optimization problems. Instead of employing the computa-
tionally expensive trial-and-error search for the most suitable
strategy and its associated parameter values, we maintain a
strategy candidate pool including several effective trial vector
generation strategies with effective yet diverse characteristics.
During evolution, with respect to each target vector in the cur-
rent population, one strategy will be chosen from the candidate
pool according to a probability learned from its previous expe-
rience of generating promising solutions and applied to perform
the mutation operation. The more successfully one strategy be-
haved in previous generations to generate promising solutions,
the more probably it will be chosen in the current generation
to generate solutions. In the following, we investigate several
effective trial vector generation strategies commonly referred
to in DE literatures and choose some of them to construct the
strategy candidate pool.

» Strategies relying on the best solution found so far such as
“DE/rand-to-best/1/bin,” “DE/best/1/bin,” and “DE/best/2/
bin,” usually have the fast convergence speed and perform
well when solving unimodal problems. However, they are
more likely to get stuck at a local optimum and thereby
lead to a premature convergence when solving multimodal
problems.

e The “DE/rand/1/bin” strategy usually demonstrates slow
convergence speed and bears stronger exploration capa-
bility. Therefore, it is usually more suitable for solving
multimodal problems than the strategies relying on the best
solution found so far.

e The “DE/best/1/bin” strategy is a degenerated case of the
“DE/rand-to-best/1/bin” strategy with F' equal to 1.

» Two-difference-vectors-based strategies may result in
better perturbation than one-difference-vector-based
strategies. Storn [11] claimed that according to the central
limit theorem, the random variation of the summation of
difference vectors of all target vector pairs in the current
population was shifted slightly towards the Gaussian
direction, which is the most commonly used mutation

operator in EAs. The advantage of using two-differ-
ence-vectors-based strategies was also discussed in [35]
in the particle swarm optimization (PSO) context, which
empirically demonstrated that the statistical distribution of
the summation of all one-difference vectors had a triangle
shape, while the statistical distribution of the summation
of all two-difference vectors had a bell shape that was
generally regarded as a better perturbation mode.

* DE/current-to-rand/1 is a rotation-invariant strategy. Its ef-
fectiveness has been verified when it was applied to solve
multiobjective optimization problems [34].

Our preliminary study in [19] only included two trial vector
generation strategies into the strategy candidate pool, i.e., “DE/
rand/1/bin” and “DE/rand-to-best/2/bin,” which were frequently
employed in many DE literatures. We incorporate two addi-
tional strategies: “DE/rand/2/bin” and “DE/current-to-rand/1”
into the pool. The former strategy can have a better exploration
capability due to the Gaussian-like perturbation while the latter
one enables the algorithm to solve rotated problems more ef-
fectively. The four trial vector generation strategies constituting
the strategy candidate pool in the proposed SaDE algorithm are
listed as follows. The binomial-type crossover operator is uti-
lized in the first three strategies due to its popularity in many
DE literatures [7], [8], as shown in the equation at the bottom of
the page.

Generally speaking, a good candidate pool should be restric-
tive so that the unfavorable influences of less effective strate-
gies can be suppressed. Moreover, a set of effective strategies
contained in a good candidate pool should have diverse charac-
teristics, that is, the used strategies should demonstrate distinct
capabilities when dealing with a specific problem at different
stages of evolution. The theoretical study on the choice of the
optimal pool size and the selection of strategies used in the pool
are attractive research issues and deserve further investigations.

In the SaDE algorithm, with respect to each target vector
in the current population, one trial vector generation strategy
is selected from the candidate pool according to the proba-
bility learned from its success rate in generating improved
solutions within a certain number of previous generations. The
selected strategy is subsequently applied to the corresponding
target vector to generate a trial vector. More specifically, at
each generation, the probabilities of choosing each strategy in
the candidate pool are summed to 1. These probabilities are

DE/rand/1/bin:

I {a:h i+ F- (:l:,,m — x,,gyj) , if rand [0,1) < CR oOr j = jrand
ij =

i, otherwise

DE/rand-to-best/2/bin:

Wi s = {x’i:j + F- (xbeStaj - x’i;j) +F- ($7’1;j - zTQ.J') + F- ($7’3;j - zm.j) , if rand [07 1) < CRoOrj = jrand
i, —

L5y
DE/rand/2/bin:

Ui 5 = {wrm’ +F-

Ti gy
DE/current-to-rand/1:
Uc=Xig+K (X, ¢ —Xig) +F- (X6

otherwise

(xrm — $T3_j) + F. (‘Tm?j — JZTS_j) , if rand [0,1) < CR or j = jrand

otherwise

- X q)-
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Success Memory

Index Strategy 1 Strategy 2 Strategy K
1 ns, G_tp NS, 6_rp ns, g_rp
2 NS, G_1p1 NS, G-Lp+1 NSy 6-Lp+
Lp 18 G-1 NS5 61 NSy 61
Failure Memory
Index Strategy 1 Strategy 2 Strategy K
1 nG-Lp "fz,G~LP nfk,o-LP
2 ,6-LP+1 s 6-1pni Wy 6-1pn
LP 11,641 56 61

Fig. 1. Success memory and failure memory.

gradually adapted during evolution in the following manner.
Assume that the probability of applying the kth strategy in the
candidate pool to a target vector in the current population is
Pk, k =1,2,..., K, where K is the total number of strategies
contained in the pool. The probabilities with respect to each
strategy are initialized as 1/K, i.e., all strategies have the
equal probability to be chosen. We use the stochastic universal
selection method [31] to select one trial vector generation
strategy for each target vector in the current population. At the
generation (G, after evaluating all the generated trial vectors,
the number of trial vectors generated by the kth strategy that
can successfully enter the next generation is recorded as nsy g
while the number of trial vectors generated by the kth strategy
that are discarded in the next generation is recorded as nf;, .
We introduce success and failure memories to store these
numbers within a fixed number of previous generations hereby
named learning period (LP). As illustrated in Fig. 1, at the
generation (G, the number of trial vectors generated by different
strategies that can enter or fail to enter the next generation over
the previous LP generations are stored in different columns of
the success and failure memories. Once the memories overflow
after LP generations, the earliest records stored in the mem-
ories, i.e., nsg_rp or nfg_rp will be removed so that those
numbers calculated in the current generation can be stored in
the memories, as shown in Fig. 2.

After the initial LP generations, the probabilities of choosing
different strategies will be updated at each subsequent genera-
tion based on the success and failure memories. For example,
at the generation G, the probability of choosing the kth (k =
1,2,..., K) strategy is updated by

Sk,a

PeG = =k L
2 k=15k.G

where

G—1
g = Zg:G—LP NSk,g
kG =

: G-1 G—1
Y g=G-1p NSk + 2 g_G_1p kg
(k=1,2,...,K;G>LP)

+ ¢,

(14)

where S}, ¢ represents the success rate of the trial vectors gener-
ated by the kth strategy and successfully entering the next gen-
eration within the previous LP generations with respect to gen-
eration G. The small constant value € = 0.01 is used to avoid
the possible null success rates. To ensure that the probabilities
of choosing strategies are always summed to 1, we further di-
vide Sy ¢ by Z,{;l S, to calculate py, . Obviously, the larger
the success rate for the kth strategy within the previous LP gen-
erations is, the larger the probability of applying it to generate
the trial vectors at the current generation is.

B. Parameter Adaptation

In the conventional DE, the choice of numerical values for
the three control parameters F', CR, and NP highly depends
on the problem under consideration. Some empirical guidelines
for choosing reasonable parameter settings have been discussed
in Section III. In the proposed SaDE algorithm, we leave NP
as a user-specified parameter because it highly replies on the
complexity of a given problem. In fact, the population size NP
does not need to be fine-tuned and just a few typical values can
be tried according to the preestimated complexity of the given
problem. Between other two parameters, CR. is usually more
sensitive to problems with different characteristics, e.g., the uni-
modality and multimodality, while F' is closely related to the
convergence speed. In our SaDE algorithm, the parameter F’
is approximated by a normal distribution with mean value 0.5
and standard deviation 0.3, denoted by N (0.5,0.3). A set of F’
values are randomly sampled from such normal distribution and
applied to each target vector in the current population. It is easy
to verify that values of F' must fall into the range [—0.4, 1.4] with
the probability of 0.997. By doing so, we attempt to maintain
both exploitation (with small F' values) and exploration (with
large F' values) power throughout the entire evolution process.
Following suggestions in [20], the control parameter K in the
strategy “DE/current-to-rand/1” is hereby randomly generated
within [0, 1] so as to eliminate one additional parameter.

As demonstrated by a suite of extensive experiments in [8],
the proper choice of CR can lead to successful optimization
performance while a wrong choice may deteriorate the perfor-
mance. In fact, good values of CR generally fall into a small
range for a given problem, with which the algorithm can per-
form consistently well. Therefore, we consider gradually ad-
justing the range of CR values for a given problem according
to previous CR values that have generated trial vectors success-
fully entering the next generation. Specifically, we assume that
CR obeys a normal distribution with mean value CRm and stan-
dard deviation Std = 0.1, denoted by N(CRm,Std) where
CRm is initialized as 0.5. The Std should be set as a small value
to guarantee that most CR values generated by N (CRm, Std)
are between [0, 1], even when CRm is near 0 or 1. Hence, the
value of Std is set as 0.1. Our experiments showed that minor
changes to the Std of the Gaussian distribution do not influence
the performance of SaDE significantly.

In our preliminary work in [19], the same CRm value was
used for all the trial vector generation strategies. However, it
is possible that different strategies can perform well by using
different ranges of CR values. Hence, it is reasonable to adapt
the value of CRm with respect to each trial vector generation
strategy. Without loss of generality, with respect to the kth
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; “ns 5 > E e E —™ E aus E — e
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Generation G Generation G+1 Generation G+2
Fig. 2. Progress of success memory.
strategy, the value of CRmy, is initialized to 0.5. A set of CR TABLE Il

values are randomly generated according to N(CRmy, 0.1) and
then applied to those target vectors to which the kth strategy is
assigned. To adapt the crossover rate CR, we establish memo-
ries named CRMemory,, to store those CR values with respect
to the kth strategy that have generated trial vectors successfully
entering the next generation within the previous LP generations.
Specifically, during the first LP generations, CR values with
respect to kth strategy are generated by N (CRmyg,0.1). At
each generation after LP generations, the median value stored
in CRMemory;, will be calculated to overwrite CRmy,. Then,
CR values can be generated according to N (CRmy, 0.1) when
applying the kth strategy. After evaluating the newly generated
trial vectors, CR values in CRMemory,, that correspond to
earlier generations will be replaced by promising CR values
obtained at the current generation with respect to the kth
strategy.

By incorporating the aforementioned trial vector generation
strategy and control parameter adaptation schemes into the con-
ventional DE framework, a SaDE algorithm is developed. In
the SaDE algorithm, both trial vector generation strategies and
their associated parameter values are gradually self-adapted by
learning their previous experiences of generating promising so-
Iutions. Consequently, a more suitable strategy along with its
parameter setting can be determined adaptively to suit different
phases of the search process. Extensive experiments described
in Section IV verify the promising performance of the SaDE
to handle problems with distinct properties such as unimodality
and multimodality. The algorithmic description of the SaDE is
presented in Table II.

V. NUMERICAL EXPERIMENTS AND RESULTS

A. Test Functions

As discussed in [32], many benchmark numerical func-
tions commonly used to evaluate and compare optimization
algorithms may suffer from two problems. First, global op-
timum lies at the center of the search range. Second, local
optima lie along the coordinate axes or no linkage among
the variables/dimensions exists. To solve these problems, we
can shift or rotate the conventional benchmark functions. For
benchmark functions suffering from the first problem, we
may shift the global optimum to a random position so that
the global optimum position has different numerical values
for different dimensions, i.e., F(x) f(x — Opew + Oo1d),
where F(x) is the new function, f(x) is the old function,
0o1q 18 the old global optimum, and o, is the new global
optimum with different values for different dimensions and not
lying at the center of the search range. For the second problem,
we can rotate the function F(x) = f(Mx), where M is an

ALGORITHMIC DESCRIPTION OF SADE

Step 1 Set the generation counter G = 0, and randomly initialize a population of NP individuals
P, = {Xl G XW‘} with x.,(; = {x,l.(y, .“,,\',’;,. }, i =1,..., NP uniformly distributed in the range
[X"_"_ X ] ,where X = {x:m” Yoo x_:m} and X = {x"m s .A.‘xlciu } . Initialize the median value
of CR (CRm, ), strategy probability ( p, ;,k =1,...,K , K is the no. of available strategies), learning
period (LP)
Step 2 Evaluate the population
Step 3 WHILE stopping criterion is not satisfied
DO
Step 3.1 Calculate strategy probability p, . and update the Success and Failure Memory
IF G>LP
For k=1to K

Update the p, ; by equation (14)
Remove ns, ;_;p and rg/,'u; Lp out of the Success and Failure Memory
respectively.
END
END

Step 3.2 Assign trial vector generation strategy and parameter to cach target vector X,
/* Assign trial vector generation strategy */
Using stochastic universal sampling to select one strategy k for each target vector X, ,

/* Assign control parameter F~ */
FOR i =1 to NP

F = Normrnd(0.5,0.3)
END FOR

/* Assign control parameter CR */
IF G>= LP

FOR k =1t K, CRm, = median(CRMemory, ), END FOR
END IF
FOR k=1t0 K
FOR i =] to NP
CR,, = Nm'mr;'u]{(‘RmA ,0.1)
WHILE CR,, <0orCR,, >1

CRU = Normrnd(CRm,,0.1)
END
END FOR
END FOR

Step 3.3 Generate a new population where each trial vector Ufh is generated according to
associated trial vector generation strategy k and parameters F; and CR” in Step 3.2.

Step 3.4 Randomly reinitialize the trial vcclorUﬁ,

» Wwithin the scarch space if any variable is
outside its boundaries.
Step 3.5 Selection:

FOR i=1 to NP

Evaluate the trial vector Uf(;
IF f(Ufg) S f(X,,)
Xy =Ul f(X, )= UG

ns, =ns,;+1
Store CRy, ; into CRMemoryy
IF fU, )< (X, )

Xpo =U o f(X, o) = TWU)
END IF
ELSE
o =1y +1
END IF
END FOR
Store ns, ; and #f, ; (k =1,...,K) into the Success and Failure Memory
respectively.
Step 3.6 Increment the generation count G = G+1
Step4 END WHILE

orthogonal rotation matrix, to avoid local optima lying along
the coordinate axes while retaining the properties of the test
function. We hereby shift nine commonly used benchmark
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functions (f1 — f5, f7, fo, fi1—12), and further rotate three of

them (f67 .f87 flo)‘

Two composition functions fi3 and f14 are chosen from [32],
which are constructed by using some basic benchmark func-
tions to obtain more challenging problems. Gaussian function
is used to combine the simple benchmark functions and blur the
functions’ structures. The composition functions are asymmet-
rical multimodal problems, with different properties in different
areas. The detailed principle of constructing this class of func-
tions is presented in [32], which is not repeated here.

In the following, 14 test functions are listed, among which
functions f; — f, are unimodal and functions f5 — f14 are mul-
timodal. These 14 test functions (f; — f14) are dimensionwise
scalable.

1) Shifted sphere function

D
fi(z) = Z %
1=1

0 = [01, 09, ...0p] : the shifted global optimum.

2) Shifted Schwefel’s Problem 1.2

2
D 7
fow) =" Dz
i=1 \j=1
Z=X—0

0 = [01,02,...0p] : the shifted global optimum.

3) Rosenbrock’s function

o}

-1

(100 (22 = 2i1)” + (i — 1)2) :

fa(z) =

i

4) Shifted Schwefel’s Problem 1.2 with noise in fitness

2

D i
R =[5 | a+oanon)
i=1 \j=1
Z=X-—0
0 = [01,02,...0p] : the shifted global optimum.

5) Shifted Ackley’s function

f5(z) = —20exp | —0.2
1 2
— exp <5 Z; cos(27rzi)) +20+e,
Z=X—0

0 = [01,02,...0p] : the shifted global optimum.

6) Shifted rotated Ackley’s function?

D
1
— exp (5 Zl cos(27rzi)> +20+e,
z = M(x - o), cond(M) =1

0 = [01,02,...0p] : the shifted global optimum.

7) Shifted Griewank’s function

f7($):;4000
Z=X—0

0 = [01,09,...0p] : the shifted global optimum.

8) Shifted rotated Griewank’s function

D o
fa(z) = Z 406
=1
z = M(x — o), cond (M) =3

0 = [01,02,...0p] : the shifted global optimum.

9) Shifted Rastrigin’s function

D
folz) = Z (22 — 10 cos(2rz;) + 10)
z= ;czi o

0 = [01, 02, ...0p] : the shifted global optimum.

10) Shifted rotated Rastrigin’s function

D
fio(z) = Z (27 — 10 cos(2mz;) + 10)
=1
z = M(x — o), cond (M) = 2

0 = [01,02,...0p] : the shifted global optimum.

11) Shifted noncontinuous Rastrigin’s function

D
fu(@) =) (47 — 10cos(2my;) + 10)
=1
|Z,L'| < 1/2
|Zl| >= 1/2 ’

fori =1,2,...,D

Zis
gi= { round(2z;)/2,

Z=X—0

0 = [01, 02, ...0p] : the shifted global optimum.

2Cond(M) means the condition number of rotation matrix M.
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TABLE III
GLOBAL OPTIMUM, SEARCH RANGES, AND INITIALIZATION RANGES OF THE TEST FUNCTIONS

f Dimension Global optimum X * f (x*) Search Range Initialization Range
£ 0 0 [-100, 100]° [-100, 1001°
£ 0 0 [-100, 1001° [-100, 1001°
f (A1,...1) 0 [-100, 100]° [-100, 100]°
fi 0 0 [-32, 32]° [-32, 32]°
/s 0 0 [-32, 321° [-32, 32]°
S o 0 R [0,6001°
fi 10and o 0 R [0,600]°

fi 0 o 0 [-5, 51° [-5, 51°

/s 0 0 [-5, 51° [-5, 51°
S 0 0 [-5, 51° [-5, 51°
S (420,96, ..., 420.96) 0 [-500, 501> [-500, 500]°
S (420.96, ..., 420.96) 0 [-500, 5001° [-500, 50017
i3 0 0 [-5, 51° [-5, 51°
Jfia 0 0 [-5, 51° [-5, 51°
fis 30 , ..., 0) 0 [-10, 10]°

fie 30 ©, ..., 0) 0 [-100, 100]°

fi, 30 a,..,n 0 [-50, 501°

fis 30 1,...,1) 0 [-50, 501°

S 4 (0.1928,0.1908,0.1231,0.1358) 0.0003075 [-5, 51°
Jro 2 (0.8983, -0.7126), (-0.08983 0.7126) -1.0316285 [-5, 51° Same as search
S 2 (-3.142,12.275), (3.142, 2.275), (9.425,2.425) 0398  [-5, 10][0, 15] range
o 4 (0.114, 0.556, 0.852) -3.86 [0, 1°
s 6 (0.201, 0.150, 0.477, 0.275, 0.311, 0.657) -3.32 [0, 11°
Soa 4 [4,4,4,4)] -10.2 [0, 101°
Js 4 [4,4,4,4] -10.4 [0, 10]°
fs 4 [4,4,4,4] -10.5 [0, 101°

o is the shifted vector.

0, is the shifted vector for the first basic function in the Composition function.

12) Schwefel’s function 15) Schwefel’s Problem 2.22

D D
D
r) = x;| + Zil.
frz(e) = 418.9829 x D — " a;sin (|a:1;|1/2). fis(@) ;' | E' |
i=1
16) Schwefel’s Problem 2.21

13) Composition function 1 (CF1) in [32]. fie(z) = max{|z;|,1 <i < D}.
The function fi35 (CF1) is composed by using ten sphere !

functions. The global optimum is easy to find once the 17) Generalized penalized function 1

global basin is found. The details of constructing such - L b1 )
functions are presented in [32] and [37]. fi7(z) = D 10sin®(7y1) + Z (yi— 1)
i=1

14) Composition function 6 (CF6) in [32].

The function fi14 (CF6) is composed by using ten dif-
ferent benchmark functions, i.e., two rotated Rastrigin’s
functions, two rotated Weierstrass functions, two rotated
Griewank’s functions, two rotated Ackley’s functions, and
two rotated Sphere functions.

To make our test suite more comprehensive, we also chose
an additional set of 12 test functions from [33] and [38].

x [14 10sin®(ryis1)] + (yp — 1)

+ ) wu(x;,10,100,4)

e

N

2

Yy =1+

(zi+1)
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k(x; —a)™ ;> a
u(z;,10,100,4) = < 0, —a<z;<a
k(—z; —a)™, z; < —a.
18) Generalized penalized function 2
f18<17) =0.1 {Sin2(37ra:1)
D-1
+ 1 + sin (371'171-_,_1)]

=1

+ (zp—D[1 + SinZ(QW:ED)]}

D

+ ulw,5,100,4).

i=1

19) Kowalik’s function

1 (bLZ + bta?g) 2

fro(@) b? + bizs + x4

=1

20) Six-hump camel-back function

1
foo(x) = 4ot — 2127 + 5:17(1S + T2 — 423 + 423,

21) Branin function

2
5.1 5
fo1(z) = <$U2 i 23:1 + —a1 = 6)
1
+ 10 (1 — —) cosxy + 10.
8

22) Hartman’s function 1

foo(z Z c; exp Z a;j(z qu

23) Hartman’s function 2

fos(z Z c; exp Z aij(z p,j

24) Shekel’s family

f@) ==Y [(w—a)"(x - ai) +c] ™,
=1
with m = 5,7, and 10 for f24(£17)7 f25 (JZ) and f26(.’17).

B. Algorithms for Comparison

Experiments were conducted on a suite of 26 numerical func-
tions to evaluate nine algorithms including the proposed SaDE

algorithm. For functions f; — f14, both 10-dimensional (10-D)
and 30-dimensional (30-D) functions were tested. The max-
imum number of function evaluations (FEs) is set to 100 000
when solving 10-D problems, and 300 000 when solving 30-D
counterpart. For the remaining functions f15 — fag, the function
dimensions are listed in Table III, and the maximum number of
FEs is set to 500 000 [38]. All experiments were run 30 times,
independently. The nine algorithms in comparison are listed as
follows:

e DE/rand/1/bin: F' = 0.9,CR = 0.1;

e DE/rand/1/bin: F' = 0.9, CR = 0.9;

e DE/rand/1/bin: F = 0.5, CR = 0.3;

* DE/rand-to-best/1/bin: F' = 0.5,CR = 0.3;

e DE/rand-to-best/2/ bin with F' = 0.5, CR = 0.3;

* SaDE algorithm;

 adaptive DE algorithm [24];

* SDE algorithm [27];

* jDE [28].

Here, “DE/rand/1/bin” is chosen because it employs a
most commonly used trial vector generation strategy, with
three commonly suggested sets of control parameters:
HDF = 09,CR = 01;2) F = 09,CR = 0.9; and
3) F =0.5,CR = 0.3 [15], [21], [33]. “DE/rand-to-best/1/bin”
and “DE/rand-to-best/2/bin” employ more reliable trial vector
generation strategies, and the control parameters are both set as
F = 0.5,CR = 0.3 in our experiments [8], [9].

We also choose three most representative adaptive DE vari-
ants proposed recently to compare with our proposed SaDE al-
gorithm. The population sizes are all set to 50 and the learning
periods are 50 for both 10-D and 30-D functions.

C. Experimental Results and Discussions

Tables IV and V report the mean and standard deviation of
function values as well as the success rates by applying the nine
algorithms to optimize the 10-D and 30-D numerical functions
f1 — fia, respectively. The best results are typed in bold. The
success of an algorithm means that this algorithm can result in
a function value no worse than the prespecified optimal value,
i.e., f(z*) + le — 5 for all problems with the number of FEs
less than the prespecified maximum number. The success rate
is calculated as the number of successful runs divided by the
total number of runs.

Figs. 3 and 4 illustrate the convergence characteristics in
terms of the best fitness value of the median run of each
algorithm for functions fi—f14 with D = 10. Because the
convergence graphs of the 30-D problems are similar to their
10-D counterparts, they are omitted here.

For functions f15—f26, because most algorithms can locate
the global optima with 100% success rate within the specified
maximum FEs, it is unnecessary to present the mean and stan-
dard deviation of function values. Instead, to compare the con-
vergence speed, we report the average number of function eval-
uations (NFE) required to find the global optima when an algo-
rithm solves the problem with 100% success rate.

1) Comparing SaDE With Conventional DE: In this section,
we intend to show how well the proposed SaDE algorithm per-
forms when compared to the conventional DE.

For the 10-D f1—f14, Tables IV and VI show that f; and f5
are easily optimized by five DE variants and the SaDE algorithm
with 100% success rate. Except these two functions, the
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TABLE IV TABLE V
RESULTS FOR 10-D PROBLEMS RESULTS FOR 30-D PROBLEMS
Agorithm f1. Sphere /> Schwefel's Problem1.2 3. Rosenbrock /1. Sphere /. Schwefel's Problem1.2 3. Rosenbrock
[Success| Su Success Algorithm -
Mean S ["Rate | Mean S |"Rate | Mean S Rate Mean st [CESS  pean sta [SUSCESS|  yean st |Success
DEfanditfoin 0 0 100% | B.89E-01" | 496E-01 | 0% | 9.01E-01' | 7.94E01 | 0% DE/rand//bin ° o 100% | 5.626+03' | 8225402 | 0% |3.30E+01"| 151401 | 0%
= =0 F=0.9 CR=0.1) - - - :
DE rand/1/bin : ; —{E=0. ;
oo gy | 495E-13 | 527E-13 | 100% | 1.44E-05' | 1.13E:05 | 43% | T.ME-03' | 274E02 | 0% DERNATN Ty oE.021| 61502 | 0% | 1736403 | 1406403 | 0% | 104502 | 6255501 | 0%
DE/rand/1/bin - (F=09 CR=0
ey ) 0 100% | 9.63E-09 | 5.99E-09 | 100% | 1.76E+00' | 1.54E+00 | 0% gggzngg/_%nm ° o 100% | 1.38E+03" | 2538402 | 0% | 2.14E+01"| 186400 | 0%
DE/rand-to-best/1/bin t —= —el
(F=0.5 CR=0.3) ° 0 100% ° 0 100% | 2.57E+00"| 1.86E+00 | 0% e ™ | 1:90E-07 | 1.04E:06 | 97% | 1.92E+01" | 227E+01 | 0% |6.37E+01' | 401E401 | 0%
DE/rand-to-best/2/bin ' =0 =0.3) _
(F=0.5 CR=0.3) ° 0 | 100% | 94SE-13 | 90E-13 | 100% | 237E+00| 223E+00 | 0% D o pesyaon | 0 o | 100% | 1.08E+02' | 825E+01 | 0% |2.08E+017| 1.19E+01 | 0%
SaDE ° 9 100% U 0 100% 0 0 100% SaDE 0 ) 100% 0 [ 100% | 3.99E-01 | 1.22E400 | 90%
i u u
ADE (Zaharie) 0 0 100% | 144E-04" | 248E-04 | 3% | 1.56E+00' | 2.64E+00 | 0% ADE(Zahare) ° o 100% | 3.095+02" | 680E01 | 0% | 460E017 | 2oaze01 | o%
u
SDE 0 L 100% o 9 100% | 2.05E+00" | 1.66E+00 | 0% SDE 4.56E-01'| 2.08E+00 | 50% | 1.58E+00' | 4.48E+00 | 0% |7.73E+03'| 3.27E+04 | 0%
IDE 0 0 100% 0 ° 100% | 1.34E-13 | 7.32E-13 | 100% JDE 0 0 100% | 891E-11 | 1.27E-10 | 100% | 5.77E-01 | 1.38E+00 | 40%
. Schwefel's Problem 1.2 - -
Agorithm with noise f5. Ackley f5. Rotated Ackley — fe scnwﬁﬁ: s :;:;blem 12 5. Ackley o Rotated Ackley
ISuccess| Success gorithm [Success| Si Success
Mean Std Rate Mean Std Rate Mean Std Rate Mean Std Rate Mean Std Rato Mean Std Rate
oo, [241Es01| 1288401 | 0% ) 0 100% | 381E-05' | 0.00013 | 90% ) |1:24E+04'| 2.15E+03 | 0% 0 0 100% | 381E-05' | 0.00013 | 90%
e gy |242604'| 138504 | 0% | 450E.07' | 241E:07 | 100% | 6.86E-07' | 3.89E-07 | 100% (P20 CRepg) |POOESOY| ST4E03 | 0% | 380E02 | 216E02 | O% | T64E02' | SA1E02 | O%
@Eg%"g&fg‘a) 5.42E-06 | 4.44E-06 | 83% 0 0 100% | 3.326-15 | 9.01E-16 | 100% i,y |5:196+03'| 124403 | 0% | 403E-15 | 123615 | 100% | 367E-15 | 649E-16 | 100%
-to-best/1/bi DE/rand-to-best/1/bi
DE(/?;%GQ% l;e:é/;;bm 0 0 100% | 4.97E-15 | 1.77E415 | 100% | 4.26E-15 | 1.45E-15 | 100% ("’;’:0'5%;:0{4 "N |2.36E+00 | 547E+00 | 0% | 3.10E-02' | 1.70E-01 | 93% | 4.82E-03' | 2.64E-02 | 97%
o DE/rand-t i
DE(/Z%d ol %e:souggbm 104508 | 120508 | 100% | 385615 | 187615 | 100% | 3.55E-15 o 100% e ey 2™ [1:51E+03'| 207E+02 | 0% | 7.58E-15 | 1.80E-15 | 100% | 7.34E-15 | 1.30E-15 | 100%
SabE o o 0% 0 0 0% ° ° 00% SaDE 337E+00| 137E+01 | 0% [) [) 100% [) [) 100%
i t
ADE(Zaharie)  |7.00E-02'| 5.84E-02 | 0% 0 0 100% 0 ) 100% ADE(zaharie) |6.75E+04) 102E+04 | 0% 0 0 100% Ll Ll 100%
T T T
SOE o o 100% o 0 100% Y ° 100% SDE 4.67E+02'| 5.09E+02 | 0% | 2.19E-01" | 3.87E-01 | 40% | 1.01E-01" | 3.04E-01 | 63%
oE ° o 100% ° o T00% ° ° T00% iDE 215E-017| 491E-01 | 0% [) [) 100% [) [) 100%
Aot /. Griewank /5. Rotated Griewank Jfo. Rastrigin Algorithm J7. Griewank 5 Ji- Rotated Grlewar;k Jo-Rastrigin s
gorithm uccess| uccess
Mean sta [SUCCSSS  yean s S Mean st |Success Mean S Rate | Mo i Rate | Moo S Rate
Rate Rate Rate DE/rand/1/bin ot 0 | 100% | 9.12E-02' | 3.08E-02 | 0% 0 0 100%
‘Eﬁgag“gg o 0 0 100% | 1.22E-01° | 277E-02 | 0% 0 0 100% ‘EE%:HC(’:&:)
T e et |152E-01"| 115E:01 | 0% | 901E-01' | 140E-01 | 0% |B.54E+01" | 330E+01 | 0%
e o) [305E-017| 202601 | 0% | 241E-01" | 200E:01 | 0% |B71E+00"| 5.53E+00 | 0% 0008 63
DE/randiilbin. . F_o’af’“CR_D'“s 0t 0 100% | 2.24E-05' | 1.19E-04 | 93% |3.10E+01'| 3.24E400 | 0%
AN [} [) 100% | 1.60E-01" | 3756-02 | 0% [) 0 100% DE/( S en. /L_n
—== T i t t %
x Ana-to bes 1.08E+01| 1.00E+01 | 0% | 1.82E+02' | 5.47E+01 | 0% | 9.58E+00' | 3.88E+00 | 0%
D gy |4-67E-03'| B.13E-03 | 70% | 201E-01' | 314601 | 0% | 6.63E02 | 252601 | 93% __(FE0.5CR=03)_ - - -
- T2l o [} 100% | 3.97E-03 | 1.85E-02 | 37% |4.03E+01'| 3.73E400 | 0%
O a0 0 100% | 1.44E-01" | 3.97E-02 | 0% 0 0 100% (F=0.5 CR=0.3) * > -
: : SaDE 2.38E-03 | 5.036-03 | 80% | B54E-03 | 9.09E-03 | 40% [) [) 100%
SaDE [) [) 100% | 1.37E-02 | 1.18E-02 | 20% [) 0 100% 2 = - d
ADE(Zaharie) o [) 100% | 2.93E-03 | 565E-03 | 10% | 2.32E-01 | 5.01E-01 | 80%
ADE(Zaharie) | 2.65E-07 | 1.40E-06 | 100% | 7.93E-02' | 424E-02 | 0% [ 3 100% { ) o - s > - -
- - SDE 1.59E+00| 2.23E+00 | 13% | 1.39E+00' | 4.24E+00 | 13% | 1.09E+01'| 4.23E+00 | 0%
SDE 7.39E-03'| 7.59E-03 | 40% | 3.81E-02' | 3.06E-02 | 0% |6.96E-01' | 8.72E-01 | 50% . pe o 0o s17e0s Tooieos | 5o o o pr—
JDE 5.75E-04 | 221E-03 | 93% | 226E-02' | 1.77€-02 | 7% [ 0 100%
fm. Rotated Rastrigin f} 1. Non-continuous Rastrigin f1 2. Schwefel
f10. Rotated Rastrigin | f7;. Non-continuous Rastrigin J12. Schwefel Algorithm 5 s s
Algorithm Mean st [PWCES) Mean std ueeesS|  Mean std uocess
Mean std {Success| Mean std Su Mean std Success Rate Rate Rate
Rate Rate Rate DEJrand/1/bin v
T (b e Ghroy |1-08E+02| 1438401 | 0% 0 [) 100% 0 0 100%
Febo onayy [1:30E+01'| 3008400 | 0% 0 0 100% 0 0 100% e
 aT oL (P06 CRegg) [245E+02'| 220E+01 | 0% | 6.93E+01" | 237E+01 | 0% |4.98E+03' | 1.75E+03 | 0%
(F_g‘g R0 g) |163E+01!| 1.10E401 | 0% | B20E400' | ITE+00 | 0% | 282E+00' | 141E+01 | 13% DEjrord i
=L =i S/rand/TbIn - 11.87E402| 1.09E+01 | 0% | 2.88E+01' | 1.94E+00 | 0% 0 0 100%
DE/rand/tibin =1y 65¢ 4011 2.99E+00 | 0% 0 0 100% 0 0 100% —{(F=05CR=0.3)
(F=0.5CR=0.3) | - ° ° DE/rand-to-best/1/bin " + "
e ot bt b s Greog) | 44E+02'| 1.08E+01 | 0% | 148E+01' | 270E400 | 0% |4.18E+02' | 1756402 | 3%
(b gy |100E+01!| 2326400 | 0% | 1.335:01' | 346E-01 | 87% | 1.18E+01" | 361E+0T | 90% o et
e (b s gy " [1:8BE+02'| 7.15E+00 | 0% | SA7Es01' | 225400 | 0% |248E+03' | 401E%02 | 0%
andto bes 1.63E+011| 3.36E+00 | 0% 0 0 100% | 6.06E-14 | 231E-13 | 100% : -
(F=0.5 CR=0.3) SaDE 1.67E+01| 5.26E+00 | 0% 0 0 100% 0 0 100%
SaDE 3.80E+00) 1.35E+00 | 0% o o 100% o o 100% ADE(Zaharie)  |1.21E+02'] 1.28E+01 | 0% 0 0 100% | 3.95E+00 | 2.16E+01 | 97%
ADE(Zaharie)  |9.41E+00'| 2.20E400 | 0% 0 0 100% 0 0 100% SDE 3.63E+01"| 6.78E+00 | 0% | 1.56E+01" | 3.52E+00 | 0% |4.68E+02' | 2.08E+02 | 0%
SDE 7.79E+001| 3.18E+00 | 0% | 1.22E+00 | 9.99E-01 | 27% |2.37E+01'| 4.82E+01 | 80% iDE 3.65E+01'| 829E+00 | 0% | 6.67E-02 | 2.54E-01 | 93% |6.32E+01| 1.07E+02 | 63%
DE 5.78E+001| 2.10E400 | 0% 0 [) 100% ) 0 100%
Algorith f13. Composition Function1 f14. Composition Function6
" N L ) igorithm
A /f13. Composition Function1 f14. Composition Functioné Mean Std S\:_\E:c(ess Mean Std 5\::cte s
ate ate
Success Success
Mean std ooes Mean std o Efgg"gggz) 378E-03' | 1.15E-02 | 47% | 133E+01" | 3.08E+00 | 0%
DE/rand/1/bin U X 9 u 9, DE/rand/1/bin
(E=0.90R=0.1 341E-02' | 598E-02 | 0% | 6.62E+00' | 1.33E+00 | 0% D o, | 506E03' | ss4Ec3 | 0% | 1s6Ee0r’ | 5400 | 0%
rant in i
(F=09CR=0.9) | *Z7E13 | 374EA3 | 100% | 217E-01 | 564E-01 | 53% (?fé’grggi 8"3‘) 449E06 | 4.62E-06 | 100% | 1.15E+01" | 154E+00 | 0%
(FD_Eé'g’E"Q_’g'g) 650E-01 | B.56E+00 | 97% | 948E+00' | 249E+01 | 0% DE/rand-o-best1/Bin| ¢ ooc o | gooe | s | 280ms01" | 7605001 | 0%
=0.5CR=0.3) _ (F=0.5 CR=0.3) - - - :
DE/rand-to-best/1/bin| + + -
(F-05CR-0.3) | "GSEYOT | 462E+01 | B0% | 236E+01 | 4.31E+01 | 17% e 247E09 | 11908 | 100% | 1.226v01" | 209E%00 | 0%
BE/rand 1 ; - . .
(Eryobea | 1.02E-00 | 395E-00 | 100% | 137E+00" | 826E-01 | 0% SaDE o o 0% | 217Ee00 | sz3E01 | 0%
SaDE 0 0 100% 2.54E-01 5.21E-01 80% ADE(Zaharie) 1.67E-03 9.13E-03 97% | 4.18E+00' | 1.41E+00 0%
ADE(Zaharie) 148E-01 | 597E-01 | 90% | 5.87E+00' | 4.85E+00 | 0% SDE 129E-01" | 8.62E-01 | 67% | 1.16E+01' | 1.86E+01 | 0%
SDE 3.00E+01" 4.66E+01 70% | 8.24E+00' | 2.50E+01 23% JDE 0 0 100% | 1.24E+01' | 3.06E+01 0%
DE 133E+01" | 346E+01 | 87% | 1.27E+00' | 3.20E+00 | 53%

*indicates that SaDE performs better than the other algorithm with 95% certainty by #-test.
*means that corresponding algorithm is better than SaDE.

performances of DE/rand/1 (CR 0.1) and DE/rand/1
(CR = 0.9) are almost contrary. For example, DE/rand/1/bin
(CR = 0.9) obtains better results on unimodal functions f> and
f3 where DE/rand/1/bin (CR = 0.1) performs poorly. On the
contrary, DE/rand/1/bin (CR = 0.1) performs efficiently and
robustly on multimodal functions f7, fo, f11, and fi2, while
DE/rand/1/bin (CR = 0.9) fails totally on f7, fo, and f11, only

13% success rate on f15. Therefore, different values of CR. for
DE/rand/1/bin demonstrate diverse performances on different
problems. DE/rand-to-best/1/bin and DE/rand-to-best/2/bin are
more reliable than DE/rand/1/bin. However, they also totally or
partially fail in optimizing some problems where SaDE can lo-
cate the global optima in every run. Overall, SaDE obtains a
smaller mean value and a higher success rate than the five DE
variants for all problems.
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Fig. 3. Median convergence characteristics of rand/1 CR = 0.1, rand/1 CR = 0.9, rand/1 F = 0.5, CR = 0.3, rand-to-best/1, rand-to-best/2, and SaDE
on 10-D test functions fi—f14. (a) f1: sphere; (b) fo: Schwefel’s 1.2; (c) f3: Rosenbrock; (d) fi: Schwefel’s Problem 1.2 with noise in fitness; (e) f5: Ackley;
(f) fo:rotated Ackley; (g) f: Griewank; (h) fs: rotated Griewank; (i) fo: Rastrigin; (j) f10: rotated Rastrigin; (k) f11: noncontinuous Rastrigin; (1) fi2: Schwefel;
(m) f13: composition function 1; and (n) f14: composition function 6.
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Fig. 4. Median convergence characteristics of SaDE, ADE (Zaharie), SDE, and jDE on 10-D test functions f1—f14. (a) f1: sphere; (b) f2: Schwefel’s 1.2; (¢) f3:
Rosenbrock; (d) fs: Schwefel’s Problem 1.2 with noise in fitness; (e) f5: Ackley; (f) fq: rotated Ackley; (g) f7: Griewank; (h) fs: rotated Griewank; (i) fo:
Rastrigin; (j) f1o: rotated Rastrigin; (k) f11: noncontinuous Rastrigin; (1) fi2: Schwefel; (m) f3: composition function 1; and (n) f;4: composition function 6.
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TABLE VI
COMPARISON OF Rand/1(F = 0.9CR = 0.1), rand/1(F = 0.9CR = 0.9),rand/1(F = 0.5, CR = 0.3), RAND-TO-BEST/1, RAND-TO-BEST/2, AND SADE
rand/1/bin rand/1/bin rand/1/bin rand-to-best/1/bin | rand-to-best/2/bin SaDE
(F=0.9 CR=0.1) | (F=0.9 CR=0.9) | (F=0.5 CR=0.3) | (F=0.5 CR=0.3) | (F=0.5 CR=0.3)

10D| NFE SR | NFE SR NFE SR NFE SR NFE SR NFE SR
fi | 16770 100% | 53298 100% | 10291 100% | 6318 100% | 10058 100% | 8375 100%
fo - 0% - 43% | 72436 100% | 23383 100% | 53658 100% | 14867 100%
fz - 0% - 0% - 0% - 0% - 0% 42446 100%
4 - 0% - 0% - 83% | 30925 100% | 71278 100% | 15754 100%
f5 | 25335 100% | 82919 100% | 15157 100% | 9436 100% | 15045 100% | 12123 100%
6 - (] () (] (] () (]
90% | 85272 100% | 16682 100% | 9923 100% | 16980 100% | 12244 100%
fr | 41247 100% - 0% | 29961 100% - 70% | 59205 100% | 35393 100%
9 (] - (] (] - 0 (] 0
19200 100% 0% 23155  100% 93% | 30621 100% | 23799 100%
fi1 | 20898 100% - 0% | 29559 100% - 87% | 46592 100% | 26945 100%
fi2 | 19094 100% - 13% | 14698 100% - 90% | 33091 100% | 16663 100%
J13 - 0% | 53131 100% - 97% - 80% | 38290 100% | 9740 100%

30D
fi | 66339 100% - 0% 34687 100% - 97% | 31470 100% | 20184 100%
f - 0% - 0% - 0% - 0% - 0% | 118743 100%
f5 | 92421  100% - 0% | 49822 100% - 93% | 45948 100% | 26953 100%
fs - 0% - 0% 55108 100% - 97% | 49961 100% | 33014 100%
f7 | 80741 100% - 0% 39436 100% - 0% | 41314 100% - 80%
fo | 90391 100% - 0% - 0% - 0% - 0% 58723 100%
f11 | 108406 100% - 0% - 0% - 0% - 0% 77920 100%
fi> | 78056 100% - 0% 73756 100% - 3% - 0% 44283 100%
f13 - 47% - 0% 34012  100% - 53% | 38386 100% | 19031 100%
fis | 80944 100% - 0% 39460 100% | 41729 100% | 18617 100% | 25137 100%
fis - 0% - 0% | 149511 100% | 112445 100% - 0% 88934 100%
fi7 | 62766 100% - 90% | 32420 100% | 32442 100% | 14289 100% | 18742 100%
f1s | 62388 100% - 87% | 31346 100% | 28690 100% - 93% | 19390 100%
fro - 90% | 7782 100% | 31121 100% | 33900 100% - 93% 6426 100%
fo | 2744 100% | 2628 100% | 2178 100% | 2086 100% | 1416 100% | 2076 100%
for | 3659 100% | 2713  100% | 2246 100% - 97% | 1593 100% | 2614 100%
for | 1314 100% | 996  100% 926 100% | 672  100% | 1004  100% 802  100%
f3 | 5656  100% - 60% 3970 100% - 67% | 4759 100% | 3080 100%
fay | 31615 100% | 7720 100% | 10468 100% - 90% | 12381 100% | 4947 100%
fos | 35503 100% | 6596 100% | 8653 100% | 5085 100% | 12921 100% | 4173 100%
fos | 33905 100% | 6974 100% | 8742 100% | 4853 100% | 14933 100% | 4267 100%
Furthermore, the convergence map of DE/rand/1/bin Rastrigin problem, while our SaDE with an initial CR = 0.5

(F = 0.9,CR = 0.1), DE/rand/1/bin (F' = 0.9,CR = 0.9),
DE/rand/1/bin (F = 0.5,CR = 0.3), DE/rand-to-best/1/bin
(F = 0.5,CR = 0.3), DE/rand-to-best/2/bin (F' = 0.5, CR =
0.3), and SaDE in Fig. 3 shows that the SaDE algorithm always
converges faster than others on six problems ( f2, f3, fa, fs, f10,
and fi4), while slightly slower than DE/rand-to-best/1/bin
(F = 0.5,CR = 0.3) or DE/rand/1/bin (F' = 0.5,CR = 0.3)
on the remaining problems. It can be observed that on
fo DEfrand/1/bin (CR = 0.1), DE/rand-to-best/1/bin
(F = 0.5,CR = 0.3) and DE/rand/1/bin (F' = 0.5, CR = 0.3)
converge fast, followed by SaDE. This is because a small CR
value (CR = 0.1 or 0.3) is an effective value to optimize

needs some generations to self-adapt the parameters to suitable
values. This issue will be discussed in Section V-D.

For the 30-D problems f1—f14, DE/rand/1/bin (CR = 0.9)
has great difficulty in finding the global optima on all prob-
lems. DE/rand/1/bin (CR = 0.1) yields 100% success rate for
f1, fss f7, fo, f11, and f12. The SaDE algorithm performs much
better with success rates of 100% on most problems, and 90%
on f3 where other DE variants totally fail in finding the global
optima. When the dimension of variable was increased to 30,
some problems such as functions fy4, f1g, and f14 become so
difficult that all the six approaches could not find the optimal
solutions within the maximum FEs. Regarding the speed of
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Fig. 5. Empirical distribution of normalized success performance on all 26 test problems.

different algorithms in reaching the optimal solutions, we fur- Table VI, and find that SaDE converges the fastest among these
ther compare the NFEs on problems with 100% success rate in  algorithms on eight problems except f7.
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TABLE VII
RESULTS OF SADE AND FADE ALGORITHMS
Test Function ggf} Gl\lﬂoigél SaDE FADE
Mean Var Mean Var

1.Sphere 5000 0 0 0 2.35E-10 2.97E-21
2.Rosenbrock 7000 0 0 0 4.16E+01 1.82E-02
3.Step 5000 0 0 0 0 0
4.Quartic 5000 15 1.56E+01 2.25E-01 1.90E+01 2.93E-01
6.Rastrigin 10000 | O 0 0 2.58E+02 9.17E+02
7.Ackley 5000 0 0 0 5.90E-02 1.23E-06
10.Griewangk 5000 0 0 0 5.78E-01 3.50E-01

TABLE VIII

SADE’S RESULTS WITH DIFFERENT LEARNING PERIOD (LP) ON TEST FUNCTIONS fs, f10, AND f14 (10-D)

Ip fs. Rotated Griewank f10- Rotated Rastrigen f14. Composition Function 6
Mean Std SL;:; SS Mean Std S"g:tz SS Mean Std Sl:ac:ti SS
20 6.67E-03 | 6.41E-03 27% 4.18E+00 | 1.21E+00 0% 1.01E+01 | 3.05E+01 83%
30 9.65E-03 | 7.61E-03 17% 3.98E+00 | 1.35E+00 0% 1.66E-01 4.32E-01 87%
40 5.17E-03 | 6.27E-03 43% 4.24E+00 9.96E-01 0% 3.45E+00 | 1.82E+01 87%
50 1.37E-02 | 1.18E-02 20% 3.80E+00 | 1.35E+00 0% 2.54E-01 5.21E-01 80%
60 1.16E-02 | 1.62E-02 27% 3.89E+00 | 1.24E+00 0% 9.22E-02 | 3.54E-01 93%

For the test problems f15—f26, both SaDE and DE/rand/1/bin
(F = 0.5,CR = 0.3) successfully solve all problems in each
run, while SaDE shows an overall better convergence speed than
DE/rand/1/bin (F' = 0.5,CR = 0.3).

2) Comparing SaDE With Other Adaptive DE Variants: The
performance of the SaDE is compared with three other adaptive
DE variants: ADE [24], SDE [27], and jDE [28] on 10-D and
30-D problems f1—f14.

For 10-D problems, the best results of unimodal functions
f1—f4 are obtained by SaDE and jDE, where SaDE demon-
strates a slight superiority on efficiency, which can be observed
from the convergence graphs [Fig. 4(a)—(d)]. Among the mul-
timodal functions, f5 Ackley and fg rotated Ackley are easily
solved by all the adaptive DE variants with 100% success rate.
For f7 Griewank and fy Rastrigin, before rotation, SaDE, ADE,
and jDE have high success rates as shown in Table IV. After ro-
tation (fg and f10), only SaDE and jDE successfully find the
global optimum on fs in some run, and SaDE offers a higher
success rate than jDE. f1g is so difficult that no algorithm could
find the global optimum. For the last two composition problems
f13 and f14, SaDE is able to locate the optimal solutions with
smaller standard deviations and higher success rates, demon-
strating better efficiency and stability than the other three algo-
rithms.

From the results of 30-D problems shown in Table V, we
can observe that the algorithms achieved similar ranking as in
the 10-D problems, and were not very successful in optimizing
f4, f10, and f14. However, with respect to the mean and standard
deviations, SaDE obtains smallest values on f1g and f14, and
the second smallest values on f; where jDE gets the smallest
values.

3) Overall Performance Comparison: In this part, we intend
to further compare the overall performances of nine algorithms
on all functions by plotting empirical distribution of normal-
ized success performance [36]. The success performance is de-
fined as success performance (SP) = mean (FEs for successful
runs)*(# of total runs)/(# of successful runs).

We first calculated the success performance of nine algo-
rithms on each test function, and then normalized the SP by di-
viding all SPs by the SP of the best algorithm on the respective
function. Results of all functions are used where at least one al-
gorithm was successful in at least one run. Therefore, for 10-D
f1—f14 problems, we plot the results of all functions except f1g,
and exclude functions fy, fi9, and f14 for 30-D f1—f14 prob-
lems. The test problems f15—f26 are all plotted. Small values of
SP and large values of the empirical distribution in graphs are
preferable. The first one that reaches the top of the graph will be
regarded as the best algorithm.

From Fig. 5, we can observe that SaDE outperforms other
approaches on overall performance on 36(= 40 — 4) test
problems.

4) Comparison With FADE: The FADE algorithm was tested
on a set of standard test functions in [18], including 2, 3, 30, and
50 dimensions. Because the low-dimensional (2 or 3) test func-
tions are easy to solve for both conventional DE and FADE, we
hereby only compare our SaDE with the FADE algorithm on
50-D test functions chosen from [18]. The parameter settings
are the same as in [18]: population size NP = 10 - D, and max-
imum generations are listed in Table VII. The averaged results
of 100 independent runs are summarized in the table (results for
FADE are taken from [18]), which show that the proposed SaDE
algorithm obviously performs better than the FADE algorithm.
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Fig. 6. Self-adaptation characteristics of CRm on Rosenbrock and Rastrigin
functions (10-D). (a) Rosenbrock function. (b) Rastrigin function.

D. Analysis of Self-Adaptation Property of SaDE

1) Self-Adaptation of Crossover Probability: Usually, when
DE solves problems, there is no specific value of CR and
F, which is effective in all search phases. Instead, possibly
several combinations of different CR and F' values can be
effective in different search phases. However, Rosenbrock and
Rastrigin function are exceptional. From the experiments of
DE/rand/1/bin on these two functions, we know that usually
DE/rand/1/bin with a large CR could obtain a good result on
Rosenbrock function and a small CR is beneficial to Rastrigin
function, which could also be concluded from comparing the
results of DE/rand/1/bin CR = 0.1 and CR = 0.9. As we know
the suitable CR values for Rosenbrock and Rastrigin functions,
we can observe the variation of CR values in SaDE algorithm
to check whether the self-adaptation of CR is effective.

Because the CR value in SaDE is mostly depended on the
mean value CRm of normal distribution, we plot the CRm value
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Fig. 7. Self-adaptation characteristics of strategies (10-D). (a) Griewank.
(b) Rotated Griewank.
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when the SaDE algorithm optimized Rosenbrock and Rastrigin
functions as the generation increases in Fig. 6. We found that for
Rosenbrock function, the CRm values of strategy “rand/1/bin,”
“rand-to-best/2/bin,” and “rand/2/bin” keep increasing during
evolution, as we expected. On the contrary, for Rastrigin func-
tion, the CRm values of three strategies all keep decreasing
during evolution. Therefore, we can say that our proposed SaDE
algorithm self-adapts the crossover probability effectively.

2) Self-Adaptation of Trial Vector Generation Strategy: To
investigate the self-adaptive selection of trial vector generation
strategy in SaDE algorithm, we plot the variations of the four
different strategies’ probabilities as the evolution progresses. As
we know that the strategy “current-to-rand” is rotationally in-
variant [20] and has superior performance on rotated problem
as stated in Section II, this strategy should occupy more propor-
tion if it yields good results when dealing with rotated problems.
As shown in Fig. 7, for Griewank’s function, the strategy “cur-
rent-to-rand” occupied a very small proportion during the whole
evolution progress. At the beginning, we assign each strategy
equal probability. Because the strategy “current-to-rand” could
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not yield better results, our self-adaptive mechanism of learning
is unlikely to choose the strategy “current-to-rand” in next few
generations. As this strategy always performed badly, its pro-
portion almost lowered to 0. The individuals were mostly mu-
tated by the other three strategies that always occupy propor-
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tions above 0.25 as shown in Fig. 7. After 800 generations, the
algorithm converged, and these four strategies performed com-
petitively so as to all occupy around 0.25 proportion. On the
contrary, after we rotated the Griewank’s function, the strategy
“current-to-rand” demonstrated a good performance at the be-
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ginning so as to occupy a higher proportion in 300 generations.
During about 300-550 generations, the proportion of strategy
“current-to-rand” slightly decreased under 0.25 because rela-
tively inferior solutions are found by this strategy during this
stage of evolution. After 550 generations, strategy “current-to-
rand” occupied a higher proportion again until the algorithm
converged and four strategies were almost stable.

E. Parameter Study

1) Learning Period (LP): The learning period parameter LP
needs to be optimized. In this section, we use 10-D test functions
f1—f14 to investigate the impact of this parameter on SaDE al-
gorithm. The SaDE algorithm runs 30 times on each function
with five different learning periods LP of 20, 30, 40, 50, and 60.
Because functions f1_7, fg, and f11_13 are solved with 100%
success rate with five different LP values, we here omit the re-
sults of mean and standard deviation for these functions; only
the results of fg, f10, and f14 are shown in Table VIII. However,
for functions f1_7, fg, and f11_13, we investigate the influence
of LPs on convergence speed of SaDE algorithm, by comparing
the FEs that SaDE algorithm cost to obtain the global optimum
with different LPs.

Fig. 8 shows the box plots of FEs that SaDE algorithm re-
quires to reach the global optimum with five different LPs. The
box has lines at the lower quartile, median, and upper quartile
values. The whiskers are lines extending from each end of the
box to show the extent of the remaining data. Outliers are data
with values beyond the ends of the whiskers. If there is no data
outside the whisker, a dot is placed at the bottom whisker. From
Fig. 8, we found that SaDE algorithm succeeds on all functions
with similar FEs by using five different LPs. Therefore, the con-
vergence speed of SaDE algorithm is less sensitive to the param-
eter LP parameter values between 20 and 60.

VI. CONCLUSION

This paper presented a SaDE algorithm, which eliminates the
time-consuming exhaustive search for the most suitable trial
vector generation strategy and the associated control parame-
ters F' and CR. In SaDE, trial vector generation strategies to-
gether with their two control parameters will be probabilisti-
cally assigned to each target vector in the current population
according to the probabilities gradually learned from the ex-
perience to generate improved solutions. We have investigated
the self-adaptive characteristics of the CR value and trial vector
generation strategies. Experiments showed that the SaDE algo-
rithm could evolve suitable strategies and parameter values as
evolution progresses. The sensitivity analysis of LP parameter
indicated that it had insignificant impact on the performance of
the SaDE.

We have compared the performance of SaDE with the con-
ventional DE and three adaptive DE variants over a suite of 26
bound constrained numerical optimization problems, and con-
cluded that SaDE was more effective in obtaining better quality
solutions, which are more stable with the relatively smaller stan-
dard deviation, and had higher success rates.
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