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ABSTRACT

This paper presents an analytical spectral dynamic stiffness (SDS) formulation for exact inplane modal
analysis of composite plate assemblies and prismatic solids subjected to any arbitrary boundary condi-
tions, arbitrary non-uniform elastic supports, mass attachments and coupling constraints. First, the ele-
mental SDS matrix is derived symbolically from the exact general solution of the governing differential
equation, which is assembled directly to model complex geometries. Then, any arbitrary classical and/
or non-classical boundary conditions are applied directly in a strong form, which makes the method ver-
satile for a wide range of engineering problems. As the solution technique, the Wittrick-Williams algo-
rithm is applied by resolving the mode count problem of a fully clamped element. It is demonstrated
that the method gives exact solutions with prominent computational efficiency. The proposed method
provides an efficient and accurate analytical tool for the parametric and optimization analysis on the
inplane vibration of various composite structures.

attachments
Non-uniform elastic coupling constraints
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1. Introduction

Although the majority of existing investigations have been
devoted to the transverse modal analysis of composite plates, there
is a growing awareness that inplane vibration plays a significant
role in many elastodynamic problems. For example, the inplane
vibration should be considered in built-up structures [1-5] since
it is generally coupled with out-of-plane vibration when different
plates joint at a certain angle. The inplane vibration becomes even
more important when the structures are excited within higher
frequency range in energy flow and noise transmission analysis
[6-10]. Also, inplane modal analysis of plates has been widely used
in other areas, such as linear ultrasonic motors [11-14] and shear
walls [15-20]. On the other hand, the inplane (cross-sectional)
vibration of prismatic solids is generally encountered in structural
health monitoring [21-26], seismic analysis of civil engineering
structures like dams [27] and buildings, plane strain vibration of
composite hollow cylinders [28,29], and edge vibration of lami-
nated plates [30-32].
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Nevertheless, compared to transverse vibrations, the existing
analytical research on inplane vibrations of composite plates and
prismatic solids is scarce which furthermore, has some or other
restrictions. Gorman [33] applied the superposition method to con-
duct the inplane modal analysis of fully clamped orthotropic
plates. Wittrick and Williams [1], and Boscolo and Banerjee [34]
developed the dynamic stiffness method for the exact free inplane
vibration of plates with a pair of opposite edges simply supported.
Wang and Wereley [35] solved the free inplane vibration of plates
with free and clamped edges using the Kantorovich method. Liu
and Xing presented the closed-form exact solutions for free inplane
vibration of isotropic [36,37] and orthotropic plates [38] with at
least one pair of the plate edges simply supported. Dozio [39] used
the Ritz method based on trigonometric functions for the free
inplane vibration of symmetric laminated anisotropic plates,
where the boundary conditions can be any combination of free
and clamped. Ghorbel [40] developed the dynamic stiffness
method for the inplane harmonic response of a completely free
orthotropic rectangular plate. More recently, Papkov [41] dis-
cussed the inplane vibration of completely free and fully clamped
rectangular orthotropic plates by investigating the asymptotic
behaviour of the formulated non-trivial quasi-regular infinite sys-
tems. However, all above methods have been restricted to certain
classical boundary conditions (BCs).
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The above restrictions have been removed by some other meth-
ods to account for general classical BCs and/or uniform elastic sup-
ports. Methods considering general classical BCs include different
Ritz methods by Bardell et al. [42] and Dozio [43], dynamic stiff-
ness method by Nefovska-Danilovic and Petronijevic [44] and the
spectral collocation method by Mohazzab and Dozio [45]. How-
ever, there are much fewer investigations considering inplane
vibration subjected to uniform elastic supports. The earliest work
on inplane vibration under elastic supports is probably performed
by Gorman [46], where the uniform normal elastic supports were
treated by using the superposition method. Later, Zhang et al.
[47] investigated the free inplane vibration of orthotropic rectan-
gular plates with uniform elastic edges by using the Fourier series
based analytical method.

Whilst non-uniform elastic supports are generally used to
model more realistic supports, it appears that existing work on
inplane vibration of plates subjected to non-uniform elastic sup-
ports are sporadic in the literature [43,48] (both using weak-
form Ritz methods). Dozio [43] applied the Trigonometric Ritz
method for the free inplane analysis of isotropic rectangular plates
with arbitrary elastic supports. Shi et al. [48] applied the Ritz
method based on an improved Fourier series to allow the treat-
ment of some practical boundary conditions such as uniform elas-
tic supports, point supports, partial supports and internal line
supports. However, in both weak-form methods, clamped and sim-
ple supports need to be modelled by using the penalty method,
whose main drawback [49] lies in choosing a suitable magnitude
for the penalty parameter. Furthermore, both research seems to
have been limited to single rectangular plates. The modelling of
plates with more complex geometries should resort to numerical
methods, such as the recently developed differential quadrature
finite element method (FEM) by Xing and Liu [50], strong formula-
tion FEM by Fantuzzi and Tornabene [51,52] and the differential
quadrature hierarchical FEM by Liu et al. [53]. However, until
now the associated theories considering non-uniform elastic sup-
ports for these powerful strong-form methods still need to be
developed.

To the best of the author’s knowledge, there is no existing ana-
lytical method in the literature on the inplane vibration of compos-
ite plate assemblies or prismatic solids, let alone considering
arbitrary non-uniform elastic supports, mass attachments and
elastic coupling constraints. However, those cases are more fre-
quently encountered in practical engineering problems. In particu-
lar, the non-uniform elastic supports can model more realistic
supports with non-uniform stiffness such as damaged boundaries.
The non-uniform mass attachments can describe any arbitrary
masses that are attached to plate assemblies or solid surfaces,
e.g., floors loaded onto shear walls, or sensors attached to struc-
tures. The non-uniform elastic coupling constraints can be used
to model for example, adhesive layers, cracks or buffer springs
between two plates or solids, or the coupling between two shear
walls.

Therefore, the major purpose of this paper is to develop an exact
but general analytical theory called the spectral dynamic stiffness
method (SDSM) for the inplane modal analysis of two types of
composite structures. These include both the free inplane vibration
of symmetric cross-ply laminated plates and the cross-sectional
free vibration of prismatic orthotropic solids. Both the plate assem-
blies and the cross sections of prismatic solids may have simple or
complex geometries. Furthermore, they may be subjected to any
arbitrary classical BCs as well as non-classical BCs including, arbi-
trary non-uniform elastic supports, mass attachments and cou-
pling constraints. The SDS formulations for both elements and
classical or non-classical BCs are in a strong form and therefore,
are very easy to implemented in computation. The SDSM was first
proposed by Liu and Banerjee for the transverse free vibration of

isotropic plates [54] and composite plate assemblies [55,56] and
later for plane elastodynamic problems [57]. Also, an SDS theory
has been proposed to deal with the transverse vibration of plate
assemblies with any arbitrary elastic supports, mass attachments
and coupling constraints [58]. However, the SDS formulation has
not been developed for the inplane vibration of composite plate
assemblies and prismatic solids with arbitrary classical and/or
nonclassical BCs. Besides, it will also be shown that the SDSM gives
exact results with excellent computational efficiency, which exhi-
bits a predominant advantage over the FEM and other methods in
terms of accuracy and computational efficiency. All results com-
puted by the SDSM are accurate up to the last digit presented,
which will serve as benchmark solutions.

The paper is organised as follows. In Section 2.1, the governing
different equation (GDE) and the natural boundary conditions
(BCs) of inplane vibration problems are formulated using
Hamilton’s principle. This is followed by the development of exact
general solution of the GDE (Section 2.2) and the spectral represen-
tation of any arbitrary BCs (Section 2.3). Then, the spectral dynamic
stiffness formulation for an element is developed which then can
be assembled directly to model complex structures, see Section 3.
The corresponding SDS theory dealing with any arbitrary non-
uniform elastic supports, mass attachments and coupling con-
straints is given in Section 4. In Section 5, as a solution technique,
the Wittrick-William algorithm is enhanced by resolving the mode
count problem of a fully clamped element. In order to assist read-
ers who are interested in applying the proposed method, Section 6
describes the implementation procedure in details. Then in
Section 7, the proposed method is validated against existing results
wherever available and then applied to a wide range of engineering
problems. Finally, the paper is concluded in Section 8.

2. Preliminaries

2.1. Derivation of governing differential equation and boundary
conditions

First, the governing differential equation and the corresponding
natural boundary conditions are derived using Hamilton’s princi-
ple. Assume that the geometry, material and the prescribed bound-
ary conditions of a three-dimensional elastic body are uniform in
one direction, such that all deformation and forces can be repre-
sented by the displacement of its cross section occupying the
region Q bounded by 9Q. If the deformation field of this cross sec-
tion is described by u, Hamilton’s principle in the usual notation
gives

5[2(ICfW+WE)dt=O, (1)

where K and W are the kinetic energy and elastic energies respec-
tively, and W, is the work done by external loads t on the oQ
(assuming no body force is applied). If the elastic body is under
small deformation, e.g., [u] < 1 then

;czl/pa.ucm, wzl/a;edA, Wez/ruds,
2 Q 2 Q oQ

where ¢ is the Cauchy stress tensor

6=C:e, e:%(u®V+V®u):(V®u)5, (2)
and in which C is a fourth-order tensor defining the reduced stiff-
nesses of the cross section. The corresponding matrix forms of the
reduced stiffnesses for an orthotropic material are detailed in
Appendix A, which take different expressions for plane stress and
plane strain deformations. By using integration by parts, we have
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/ Kdt = —/ {/ pii 5udA}dt 3)

where the first term on the right hand side evaluated at initial and
final time is set to zero according to the Hamilton’s principle. Also,

5W:5(%/§1e:03:edA> :/Qa:edA:/Qa:(V@)éu)sdA. (4)

In view of the identity T: (Ve a) =V - (T-a) — (V-T)-a which
is valid for any second-order tensor T and first-order tensor a and
noticing that ¢ is a symmetric tensor, the expression on the right
hand side of Eq. (4) can be rewritten as

/[V-(o--éu)f(V-a)-éu]dA: (a-n)-éudsf/(V-a)-éudA.
Q JoQ Q
(3)

Assuming that the boundary forces t are dead loads, one has
t t
5/ Wedt:/ U ¢t - suds
t t 2Q
Substituting Egs. (3), (5) and (6) into Eq. (1) leads to

5[2 UQ(V-afpil)-éudA+/ (t—c-n)-sudAldc=0.  (7)

oQ

dt. (6)

In view of Eq. (2), we have

V6=V-(C:e)=Ci(Vee)=CVx (Vau). 8)

Now we introduce the local coordinates {n,s} attached to the
boundary 9Q, where n and s are normal and tangent unit vectors
which form a local orthonormal basis. Therefore, the second term
in the square brackets on the left hand side of Eq. (7) becomes

/ (t—-n)-suds :/ (t—6-1)- (Sttn + Su;S)ds. 9)
oQ Q

Due to the arbitrariness of éu in Eq. (7), the governing equation
of the above system can be cast as

CVe (Vou) —pi=0. (10)
and the natural boundary condition can be written in the form

y: t,=C:(Vou' -n-n, (11a)
dus: t;=C:(Vou ' -n-s, (11b)

where t, = t-nand t; = t - s. The component form of Eq. (10) can be
written as
%C“ﬂy(j (A,;A,;uv + A/gAﬂ,lg) — pi:la =0 (12)

By considering Egs. (2) and (7), the component form of the nat-
ural BCs in Eq. (11) takes the form

Sp: by = %C“””’"(Aéuy + Ayu)ngny, (13a)
Sug: ts= %C“”W(Aéuy + AyUs)NgSy. (13b)

2.2. Governing differential equation and exact general solution

If the displacement field u within the domain Q is assumed to
undergo harmonic oscillation such that u = [U(x,y),V(x,y)]"
exp(iwt), then the governing differential equation (GDE) for the
inplane vibration of an element in the frequency domain is given
by

a, U.xx + U,yy + ((13 + 1)V,xy + kU = 0: (143)

@V +Vu+ (a3 + 1)Uy + V=0, (14b)
where the suffix after the comma denotes the related partial deriva-
tives and

A Axn Ana Tow?

G=—,0=—",03=-——, K=——. 15
L P A L (13)

Note that Eq. (14) applies for the inplane vibration of both sym-
metric cross-ply plates (under plane stress assumption) and infi-
nite prismatic orthotropic solids (under plane strain assumption).
For the plane stress case, when a symmetric cross-ply plate is com-
posed of N, layers, the material parameters of Eq. (15) are given as
follows

N N,
AU _ Zngj!‘)h(k)7 I = 2:p(k)h(’<)7 (16)
k=1 k=1

where the superscript k € {1,2,...,N,} denotes the kth layer of the
total N, layers. For the plane strain vibration of an infinite prismatic
orthotropic solid, the parameters of Eq. (15) become

Aij = Qij, I() =p. (17)

Notice that Q; in Eq. (16) or (17) stands for reduced stiffnesses
in the global coordinates for either plane-stress (Eq. (16)) or
plane-strain (Eq. (17)) vibration, which can be transformed from
the reduced stiffnesses Q; in the material reference system fol-
lowing the usual steps as described in [59]. The reduced stiff-
nesses in the material reference system Q; take different
expressions in plane stress and plane strain, which are provided
in Appendix A.

Now we are in position to derive the exact general solution of
the GDE (14). With the help of the two sets of modified Fourier
basis functions given in Appendix B, the general solution of the
GDE (14) can be appropriately represented as follows

UxY) =Y Ti(tmX)Uin@) + > Un(X)T;(BnY), (18a)
k!{%r;} jen(%.Nl)
ZT,C LimX)Viem (V) + va (BinY), (18b)

kelo. 1) jE(O 1}

where T, 7; and T},7; are the modified Fourier basis functions
defined by Egs. (B.1a) and (B.1b) respectively. The corresponding
wavenumbers are taken as oy = (m+k/2)m/a  and
Bn=m+j/2)n/bwithn e Nand N = {0,1,2,...}. It is worth high-
lighting that the 7, 7; and 7}, 7; are adopted in the way of Eq. (18)
such that the k (related to x direction) and j (related to y direction)
correspond to the correct symmetry/antisymmetry of the deforma-
tion in the related directions. In Eq. (18), Uxm(¥), Ujn(X), Vim(y) and
Vijn(x) are unknown functions which are determined by substituting
Eq. (18) into the GDE of Eq. (14) to give

2
dy+rcf

Mo, —fhdy {Ukm@)}:{O}
Wy d, ad + K — o, | LVim(y) 0

(WMk e {0,1}, me N exceptk=m =0 (19a)
ad + K- p, 14y {an(x)} - m

—1t,d, d+K-ap]LVa®] L0
(V)j€{0,1}, ne N exceptj=n=0 (19b)
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where d, =d'/dx, d,=d'/dy’ and g, =(-1)"(as +1)om,
w, = (=1)/(as + 1)B;. (Two special cases when k=m=0 and
j=n=0 will be discussed later.) By  assuming
Ukm(y) = 5kmvkm (y)v Vkm (Y) = exp(tkm)’) and an (X) = 6jntn (X)':
Ujn(x) = exp(rjnx), the general solutions for Uiy (¥), Vim(¥), Ujn(X)
and Vj,(x) in Eq. (18) are determined to be

Ukm (.V) = 51km E1kn1Ch(tlkmy) + 51km62km5h(t]km.}’)
+52km C3km Ch(tkaY) + 52l<m C4km Sh(tkay)

Vi) = CrimCh(t1imy) + ComSh(t1imy) + CakmCh(taimy)
+C4km5h(t2kmy)

(20a)
an(X) = Elanh(rlan) + EzjnSh(ﬁan) + 53j,,ch(r2jnx) + 54jn5h(r2an)
an (X) = 51jnD]anh(r1an) + (Sljn DzjnSh(r]an) + 52jnD3anh(r2an)

+02jn D4jnSh(rajnX)

(20b)

where
Eokm - 2a, ' T2jn B 2a,
(21)
with

by = (a1 + 1)K +[a3 (a3 +2) — Q102)05,, €2 = (K — 104, (K — L),

by = (a1 + D)K + [a3(a3 + 2) — ;@) B, €1 = (K — Bi) (K — G287,).
Also, by inserting Eq. (20) into Eq. (19), the expressions for

and dy, (i =1,2) in Eq. (20) are obtained to be

2 2
Sitm = ,M‘ Sin = _ @y + K= B (22)
M Likm My Tijn
together with the following identities
(alrizjn + K- ﬁ]zn)(rin + K- azﬁjzn) + lu% g'n = O
(ttkm +K - aim)(aztlkm + K- kam) + :ul 1km =0 (23)

By considering the symmetry/antisymmetry of the hyperbolic
and trigonometric functions, the general solution of Eq. (20) can
be decomposed into four components

Uxy) = Y Uxy =U"+U"+U"+U", (24a)
kje{0,1}
Vi y) = Y Wy =vO v 4 vio v (24b)

kje{0.1}

k,j taking in turn 0 and 1 denotes symmetric and antisymmetric
functions respectively. Therefore,

Uy =" [TZ(OCka)Z (51icﬂcm7‘fj(tikm}’))]

meN i=12

+Z Z DynH ( runx))T)(ﬁan)} (25a)
neN [i=1.2
V(x,y) = Z [Tk(akmx) (Cil<me(tikmy)):|
meN i=1,2
+Z Z(521DljnHk(Tian))Tf(ﬁan)], (25b)
nen o2

where M, H; and M, H; stand for hyperbolic functions defined as

follows
. (ch(Te) 1=0
H'(rg)_{sh(l"é) =1

with either [ =k, T =rj, E=xorl=j, I' = tym, £=Yy. However,
for the two special cases when k=m =0 and j=n=0 in Eq.
(19), the above development from Eqs. (19) to (25) will be reduced.
In particular, both Egs. (19a) and (19b) will be reduced to second-
order equations leading to two roots Ftgy and Frgy respectively,
where

too = /—K/Gz, Too =+/—K/a;. (27)

To this end, when j = n = 0, the first term of the second series
on the right hand side of Eq. (25a) becomes DgoH*(rg0x); and when
k = m = 0, the first term of the first series on the right hand side of
Eq. (25b) becomes CooH*(tooy). In Eq. (25), Cikm and Dy, (including
Coo and Dgg) are unknowns to be determined later in Section 3.1.

sh(I'é) 1=0

ch(re) I1=1 (26)

- e = {

2.3. Natural boundary conditions and its spectral representation

The natural BCs in the frequency domain along the four bound-
aries B; (i=1,2,3,4) of the rectangular element in Fig. 1 are
obtained by applying Eq. (13) to the four boundaries to give

oLi: Ni, oTi: S, i=1,2,3,4, (28)

where the direction of L;, N;, T; and S; are defined in Fig. 1 with the
following expressions

‘L1 [ Ul T Ny 1 (Ux+asVy)lq ]

T, Ve S Uy + Vi) lia

Ly V|y:b N (aZV +aU )‘y b

T, _ U|y:b 7 S — A (U»y + VX)‘y:b .9
Ly Uly—_q Ns —(aUx+asVy)|,_q

Ts Vix-—a Ss ~(Uy +Vi)leea

Ly VI N4 —(@Vy +asUx)|,y
[Tal LUl-p] LS4l —(Uy+V)lyep

Here, L; and T; are introduced to denote the normal u, and tan-
gent us displacements respectively of Eq. (13) along the ith bound-
ary B;; whereas N; and S; are the longitudinal t,, and shear t; forces
along B;. (Note that L;(N;) and T;(S;) are defined either by U(0xx)
and V(o) or by V(ay,) and U(0,,), depending on which boundary
they apply to.) Therefore, there is a 90°phase difference between L;
(N;) and T; (S;), so two types of modified Fourier series (MFS) of Egs.

Fig. 1. Coordinate system boundary force and displacement notations for the
inplane vibration of an element.
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(B.1a) and (B.1b) are adopted to transform any arbitrarily pre-
scribed BCs L;,N; and T;,S; respectively. To this end, one has the
corresponding modified Fourier coefficient vectors

£ = [N7.S].N3.S3NG S5 NG s (30a)
d= .11, 7 1], ] (30Db)
where

N; = [Nio, Niot, - - ., Nios, - - . ,Nino, N1, . .., Nigs, .. ], (31a)
Si = [Siots- s Siass -+ > Si10Sit1s -+ > Sitsy - s (31b)
Li = [Lioo, Liot, - - -, Lios, - - -, Lino, Lina, - - -, Lixs, - - ], (31¢)
T; = [Tior, .-, Tios, .- -, Tino, Tints - - - Tits, - - |- (31d)

Here, the sub-vectors N; and L; are the modified Fourier coeffi-
cient vectors of the BCs on B; of the element by applying the first
type of MFS (B.1a) to N; and L; of Eq. (29) respectively, and S; and
T; are the corresponding modified Fourier coefficient vectors by
applying the second type of MFS (B.1b) to S; and T; of Eq. (29)
respectively. For example,

7 (
.7 115—/ Tl l ’YIS
éls

wherel € {0,1},s € N, ¢ denotes either x or y and 2L is the boundary
length representing either 2a or 2b in this paper. It should be noted
that Sipo and Tip are zero because 7(yy,¢) = 0 based on Eq. (B.1b).
Therefore, both Siop and T have been deleted from the vectors S;
and T; respectively to avoid null rows or columns.

LN Tz(/
A /L

Nils =

3. Development of the spectral dynamic stiffness matrix for
inplane vibration

Since the general solution of Eq. (18) can be decomposed into
four (k,j) components as in Eq. (25), the spectral dynamic stiffness
(SDS) matrix K of a rectangular element also can be combined by
the corresponding four (k,j) SDS components K"
k,j € {0,1}. The development of the SDS component matrix K"
are performed in Section 3.1 which are then combined to form
the complete SDS matrix K of an entire element, see Section 3.2.
Finally, Section 3.3 describes briefly the assembly procedure for
the final structure and the application of arbitrary classical bound-
ary condition.

where

3.1. Development of the SDS component matrix K"

Similar to the SDSM development for transverse vibration of
thin plates [55], the SDS component matrix K for inplane vibra-
tion is also developed by eliminating the unknowns in the corre-
sponding (k,j) component of the general solution given in Eq.
(25). This is achieved by expressing the (k,j) component of the nat-
ural BCs given in Eq. (29) as follows

(Biny)
ZneNLﬂ}” \/Lb

LY uY
. Ty (%kmX)
ki k Lpjm —2m=
Lb] Vv j|y:b ZmEN Km /Skma

li=a

ki ki T (Buy) (32a)
Ta V |xfa ZneN ajn Z
- \/g'nb
Tliij Ukj\ =b i X)
- ZmeNTbkm \/f_m

md |

B T(Biny)
Z N, ;, 2in
. neN-Yagn - /=
Nléj [¢F] UkJ +das Vk]|x a b
Tie(%gemX)
. ki ki N 2\ %emX)
NY (12V_)J, + a3U‘,§ \y b A szN blem m
.| = Ae6 : : = /166
Sléj U’; i Vlzlx:a Zn T (Biny)
5 5 eN ﬂjl’l \/—b
Sk K | ki o
b U.y + V,x ‘y:b Z S T (%gemX)
meN2bkm = /— /—g 2

(32b)

In consequence, the unknowns Dyj, and D, in the (k,j) general
solution component of Eq. (25) can be determined from the expres-
sions Lﬁj of Eq. (32a) and S’éj of Eq. (32b). In this way,

ki o
u? x—a %Lﬂjﬂ/f Bjny)/ ‘>]n (33&)
UG+ VS| =D SanT; (Buy)/\/Gnb. (33b)

neN
which yield
Z [DU"Hi(rUﬂa)} = Lajn/\/Zjnvb» (34a)
i=12
(=1 By + it ) Din M (i) = S/ /b (34b)
i=1,2
(Vk,je{0,1},neN except for n=j=0 when Eq. (34a)

becomes DgoHj(T00a) = Lago/V'2b. Then the unknown coefficients
Do, D1jn and D,j, can be determined from Eq. (34) to give

L 00 .
Dyp=——>— j=n=0 (35a)
V 2bH,*((r00a)

D, — [(=1Y* Bin+82272jn | Lajn —Sajn

Lin G My (r1jn @2 /115 .

o otherwise, (35b)

Dyjy = _[(*1)1 Bin+921 711 |Lajn—Sajn

jn =

V/ CnbH (rjn@)E2/ 11y

where Z, = (a5, — K)(1?

iin r%j”)/(r]jnrzjn). Similarly, the expres-

sions of L’,;j in Eq. (32a) and Sﬁj in Eq. (32b) yield the unknowns
Coo, C1km and Cyyy to be

Lpoo

Co=————— k=m=0 36a
vV 2(17‘[; (toob) ( )
Cov — [(=1)% et +012 tiem | Lpem —Siem
thm Cn 7 (E1anb) 21 /1y .
- otherwise, (36b)
Corm = — [ oy +011 t110m | Lbkem —Siem
m =

v/ Gem@H; (t2kmb)E1 /1y

where 5 = ((110(%,,rl — K)(t%km — t%km)/(t1kmt2k,n).

So far, all unknown coefficients Coo, Cikm, C2km, Doo, D1jn and Dajn
in the general solution component of Eq. (25) have been deter-
mined using the expressions for LY, L’;’,S’;f and Skf in the (k,j) BC
components of Eq. (32). Subsequently, an mﬁmte system of alge-
braic equations is derived by substituting the above determined
unknowns into the remaining entries T9,TY,N¥ and NY in Eq.
(32) and applying the modified Fourier series formula of either
Eq. (B.4a) or Eq. (B.4b) to the corresponding hyperbolic functions.
This infinite system can be rewritten in the following mixed-
variable matrix form as:

] _[Ay A%|[LY (37)
W LA ayllse
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where
NY = [Njo, Nt -, Najn, - -, Noo, Nik - - -, Nogem, - (38a)
S = [Sqjo, St - - -+ Sajns - - -+ Sbkos Sbit - - - » Sk - ] (38b)
LY = [Lyo, Lajt, - ., Lajn, - - -, Loko, Lokt - - - Logem, - ], (38¢c)
f, o0 00 O O OO I, O O O
o o oolI, 0 0O OO O O
O o I, oo o000 O0oO I o0
o o oo0oO0O O1I1, 0O OO O O
o I, 00O I, 00 OO O O
o o ooo0 O0OO OI O O
o o oI,o oo01I 0O O O
;r_|0 0 000 000 00 0 I
|-Lb, o o0 0 0 0 0O 1, 0 0 O
o o oo I, 0o oo 0O O O
0O o IL oo o000 0O -I O
o o oo0oO0O O1I1, 0O OO O O
o I, 00 0 I, 00 0O O O
o o oo0o0 O0OO O I, 0 O
o o oI, o O0oO0 -I, OO O O
lo o o0 0O O OO OO O I,
T = [Ty, T+, Tajns -+ Toko, Tot -+, Toim, -] (38d)

whose elements are the modified Fourier coefficients as given earlier
in Eq. (32). It should be noted that when j = 0,S4o and T are zero
due to 74(yy0¢) = 0 based on Eq. (B.1b). Similarly, when k = 0, Spio
and Ty are zero. Therefore, when j =0 and/or k = 0, Sy, Spoo in
Eq. (38b) and/or Tqgo, Tpoo in Eq.(38d) should be removed from the
vectors $¥ and/or T¥, respectively. The explicit expressions of the four
coefficient matrices AY in Eq. (37) are given concisely in Appendix C.
Similar to the transverse vibration formulation in [55], the mixed-
variable coefficient matrix of Eq. (37) also exhibits a symplectic struc-

. T . ST . . .
ture: A =AY and AY =AY  are symmetric matrices, while

A’;{ = fAﬁ,jST. Based on Eq. (37), the SDS matrix for each (k,j) compo-
nent can be reconstructed in the following form

9 = KYd", (39)
where
. NY . LY
9 = Ags { g } , d¥ - [T"f } ’ (40)
. . -1 . . S-1
I(kj _ A66 Alk\jL - AIIgSA"l('JS A!l('jL AﬂSA;iJS ) (41)
AY A8 AL

3.2. Combing the SDS component matrices to the SDS matrix for a
complete element

This section describes the combination of the four SDS compo-
nent matrices (K¥) to form the SDS matrix of an entire element (K).

QOO0 Q0QO0OFTTO0OO0Q0Q00OQ0O0T™0O
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In essence, the relationship between K% and K is determined by
that between f,d of Eq. (30) and f%,d" of Eq. (39). Following sim-
ilar but slightly different procedure of that for transverse vibration
[54], the following relationships can be reached

f=Tf 00T7f 01T7f 10T’f 11T]T7

where T is the transfer matrix in the form

T
d=Td & d°d""], (42

0O 0 O 1
O 0 O

O 0 O
oI O

o 0 O

I, 0O O

o 0 O

o 0 I,

o 0o o0 ]| (43)
o 0 O

O 0 O

o -I, O

o 0 O

I, 0O O

0O 0 O

o 0 Il

and in which ImILJm and IIn are identity matrices of dimension
n,n—1,m and m — 1 respectively, and O represents null matrices.

Also, it is found that T-! = T” /2; therefore, the second equation of
Eq. (42) will lead to

@ " d g = Lra

5 (44)
Finally, putting Egs. (39), (30), (42) and (44) together yields
f=Kd, (45)

where
K o o o
01
ir g e ol
0O 0 0 K"

is the SDS matrix for the inplane vibration of the entire element.

3.3. Assembly procedure and the application of arbitrary classical BCs

The SDS matrices for all elements can be assembled directly to
form the global SDS matrix of the complete structure. The proce-
dure follows that described in [55], which will not be repeated
here. Any classical boundary conditions can then be applied onto
the global SDS matrix by condensing all DOFs relating to all fixed
line nodes. It is worth emphasising that the condensing procedure
is in an exact sense and there is no penalty method involved here
in the SDSM like other methods [39,3,47,48]. So there is no need to
determine a sufficient ‘large parameter’ to model fixed DOFs and
therefore, completely avoiding the possible modelling errors or
numerical instability due to an improperly chosen penalty
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parameter [49]. The treatment of more general non-classical
boundary conditions are given in the next section.

4. The SDS formulation for non-uniform elastic supports, mass
attachments and coupling constraints for inplane vibration

The general SDS theory dealing with arbitrary non-uniform
elastic supports, mass attachments and coupling constraints are
described in [58] with the basic premise that the Kirchhoff plate
theory is applied. However, some extra attention should be paid
when applying the general SDS theory [58] to the current inplane
vibration problems, which is therefore briefly described as follows.

According to the theory given in [58], the additional force f{ (¢)
resulting from an arbitrary non-uniform elastic support or mass
attachment applied along the ith line node (¢ € [—-L,L]) can be
described by the following expression

fi(&) = G (&)di(&), &e[-LL). (47)

Similarly, the additional forces f{(¢) and f}(¢) generated by an
arbitrary non-uniform elastic coupling constraint applied between
the ith and jth line nodes (both with matching edges ¢ € [-L, L]) can
be expressed in the form

[f?(@} M{ G'(9) —c“@q [df@
IHG G G [l

In the current inplane vibration problem, f7(¢) in Egs. (47) and
(48) (also applies to ff(f)) represents either additional normal N}
or shear S} forces along the ith line node ¢ € [-L, L] resulting from
the additional elastic supports, mass attachments or coupling con-
straints; whereas d;(¢) denotes either the normal L; or tangent T;
displacement accordingly. Also in Egs. (47) and (48), G*(¢) is a
dimensionless distribution function and pu is the stiffness or mass
dynamic stiffness constant which represents one of the three con-
stants: K;o,Kro or —w?my. In particular, for the inplane vibration
of plates with the plane stress reduced stiffnesses given in Eq.

(16), both K.o and Kro have the same dimension of [M][] '[T] ~
with the corresponding dimensionless forms KjoL,/Ass and

KroLy/Ass Tespectively. ([1\71], [Z] and [T} stand for mass, length and
time respectively in the dimension analysis, and L, denotes the
length of the line nodes, i.e., 2L). Also, my has the dimension of

], ¢el-LI (48)

[M] [f]f] with the dimensionless form mgL,/m,, where m, is the
total mass of the parent structure. It is understandable that for
inplane vibration of prismatic solids with the reduced stiffnesses
and inertia given in Eq. (17), the dimensions of Ko, Ko and mg
can be obtained by dividing their dimensions in the plane stress
case by the dimension of plate thickness ([Z]). The application of

the non-uniform elastic support or mass attachment described
by Eq. (47) along the ith line node is performed easily by

K™ = K + uG°, (49)

which means that the ii component of the final SDS matrix (Kﬁ””’)
will have the additional contribution from the elastic support or
mass attachment. Similarly, the ii, ij, ji and jj components of the final
SDS matrices will incorporate the additional contributions resulting

from the elastic coupling constraint of Eq. (48), hence
K{;nul _ I(ii + ,UGH, Kﬁnal _ K]j + /,tG"7 (50)
K" =K — uG°, K" = Kj — uG*.

In both Eqgs. (49) and (50), G* is the dimensionless SDS matrix cor-
responding to the dimensionless distribution function G*(¢) in Egs.
(47) and (48). It should be noted that the formulation of G° is in a

very accurate yet versatile fashion. If the distribution function
G%(¢) can be written as the linear combination of some known
functions, the corresponding G* matrix is simply the linear combi-
nation of the G* matrices of these known functions. Besides, any G*
matrix should be a symmetric matrix that can be generally
expressed in the following form

¢ = [Ggo Cor } (51)
GlO Gll

Here special attention should be paid in the formulation of the
above four Gj; (with t,I € {0,1}) matrices for the current inplane
vibration case.

When the f7(¢) and d;(¢) in Eq. (47) or (48) represent respec-
tively the normal stress N; and displacement L;, the formulation
of the Gy matrices will follow exactly the procedure given in
[58]. In that way, the analytical expressions for Gy, can be obtained
from the following equation by using the first type of modified
Fourier series (B.2), i.e.,

L
Gilr:5) == [ COTOOT a0 (52)
In such a case, all four matrices Gf, are S x S matrices if S terms
are adopted in the modified Fourier series, namely, s,r € [0,S — 1].
(Here, S coincides with M or N where M and N are the numbers of
terms adopted in the series for the related element in the x and y
directions respectively.) The G matrices obtained by using Eq.
(52) for some typical distribution functions have already been
given in Appendix A of [58]. However, when f{(¢) and d;(¢) in Eq.
(47) or (48) represent respectively the tangent stress S; and dis-
placement T;, the formulation of the Gf; matrices will be slightly
different by applying the second type of modified Fourier series
(B.3) to give

u(r,s AT (1T (74 )de. (53)

1 L
=z Lo
In this case, if S terms are adopted in the modified Fourier series,
the size of four sub-matrices Gp,,Gp,,Gj, and Gj, will be
S—-1)x(5-1),(5-1)xS,Sx(S—1) and S x S, respectively. The
analytical expressions for the G, matrices for some typical distri-
bution functions derived from Eq. (53) are given in Appendix D
of this paper.

5. The Wittrick-Williams algorithm and its enhancement

In order to compute the natural frequencies of a structure using
the SDSM, the most reliable and efficient solution technique is
probably the Wittrick-Williams (WW) algorithm [60]. However,
some difficulties may arise in the WW algorithm application, but
for the current problem all potential stumbling blocks have been
removed so as to make the current SDSM reliable, computationally
efficient and accurate within the whole frequency range. For clarity
and completeness, the procedure is briefly summarised as follows.
Suppose that the overall SDS matrix of the final structure is
denoted by K, which is a transcendental matrix function of circu-
lar frequency w. Then according to the WW algorithm, as w
increases from zero to w*, the number of natural frequencies of
the final structure passed (mode count J) is given by

J=Jo+sUG), (54)

where s{K;} corresponds to the negative inertia of the K; according
to Sylvester's law [61], and K; represents K; when o = w*. The
above s{K;} can be computed by applying the usual form of Gauss
elimination to K; leading to a upper triangular matrix, and then
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s{I;} is the number of negative elements on the leading diagonal of
the upper triangular matrix. Meanwhile, the J, of Eq. (54) is given by

]0 = Z]Omv (55)

where J,,is the number of natural frequencies between » = 0 and
@ = w* for an individual component member with its boundaries
fully clamped, while the summation extends over all structural
members. Thus, with the knowledge of Egs. (54) and (55), one can
compute any natural frequency up to the desired accuracy by using
bracket methods such as bi-section technique.

It is clear from above that the J,, count is an essential part of
the algorithm. However, it is well-known that the computation
of J,,, count can sometimes be a difficult task and may become a
potential drawback when applying the WW algorithm. In the liter-
ature, most of the previous DS methods [3-5,34] used a sufficiently
fine mesh to avoid J,,, computation i.e., to ensure that J,,, =0 for
the entire frequency range of interest. However, this will no doubt
increase the computational time. This is particularly true for the
current SDSM because a finer mesh will increase the number of
DOF much more significantly than the classical DSM. (Also, sub-
structuring technique becomes less attractive in this case due to
the same reason.) To meet this challenge, an efficient and reliable
strategy is applied which is based on the closed-form solution of
each member subject to all-round simple supports. Obviously,
Eq. (54) also applies for such a special case for each member, i.e.,
Jsm =Jom + s{K%,, }, where g, is the mode count of a certain mem-
ber with all boundaries simply supported, and s(Ks,,) is the sign
count of its formulated SDS matrix Ks,, when @ = w*. Therefore,
Jom Of Eq. (55) is given by

Jom =Jsm — 5(Ksp,), (56)

where both Jg,, and s(K5,,) are computed efficiently and elegantly in
this paper as described as follows. First, the Jg, of Eq. (56) is
obtained analytically by solving a Number Theory problem. It is
known that the closed-form exact solution for the natural frequen-
cies of an all-round simply supported (S;) orthotropic plate (also
applies for plane strain cases) is given in Eq. (32) of Ref. [38] by
Liu and Xing, which can be rewritten in the following dimensionless
form

2
%(@) T, -1, m,ae{l,23,.} (57)
L 2
%P(Zajgmn) T, + Iy, m.ie{0,1,2,3,...) except il =i = 0.
66

(58)

In Egs. (57) and (58), wg; is the natural circular frequency with
m and n being the half-wave numbers in the x and y direction
respectively, and

HA = (01 + 1)ﬁ12 +

I = \/[(m —1)ym2 —

Thus, Js,,, the number of natural frequencies lying below a trial
frequency w*, is essentially the total number of combinations of
(m,f) such that the left-hand sides of Eqs. (57) and (58) with
Wgyy = w* are no less than the right-hand sides, respectively.
Therefore,

Jsm = Jsm1 +Jsma (59)

where J,,; and J,,, are respectively the contributions from Egs. (57)
and (58). Obviously, Js,; and Js,,, can be obtained from a numerical
search which may be computationally expensive and the procedure

(a2 +1)(n)*, n=a/b,

(@~ D?]” + 4(as + 172 (i)

may miss some of the natural frequencies. However, there exists an
analytical expression for Jg,,; and Jg,,; and this problem is essentially
an extension of the Gauss circle problem [62] in the field of Analyt-
ical Number Theory. The expressions for Jg,; and Jg,, can be
deduced by solving the inequalities for which the left-hand sides
of Egs. (57) and (58) with wgs; = w* are no less than the right-
hand sides, hence

L)
Jsm = b/m /TG~ n5/<2wa;>J : (60)

m=1
[RLEY)

Jsm =Y b/ Iy — /03 — s/ (217v/az) + Sign(ﬁl)J; (61)
m=0

where ‘[-]" is the ﬂoor function denoting the largest integer not
greater than ‘-

I + HG H7

a\*2 cu*2
I, = <F) ’;66 7
Iy = 2[as(as + 2) — a1ax]m? + (ap + DI,
— 4ay (2 — 1) 2ai® — TI),
I = Iy (a; + 1) + 2[as(as + 2) — a1a2]n?,
I1; = 4a,(IT; — 2112)(1_[1 - 202112).

Next, the s(Ks,,) of Eq. (56) is computed in an elegant way by
taking advantage of the mixed-variable formulation of the (k,j)
symmetric/antisymmetric components explained earlier in Sec-
tion 3.1. It is well-known that when a symmetric structure is sub-
ject to symmetric constraints, the displacement field will be either
symmetric or antisymmetric. Therefore, in the present case where
a rectangular element is subjected to all round simple supports,
any possible natural mode can be described by one of the four sym-
metric/antisymmetric SDS matrices. In this case,

s(Ks,,) = Zk_l-e{oj}s(l(’;{'ﬂ*). Now recalling Egs. (39)-(41), the case
with fully simple supports of type S, becomes equivalent to letting

(@+1)+]a 17

LY = 8% — 0, such that s(K¥ ") = s(A’;’;fl). In this way, one has
sx—1 3
SKsn) = Y SAL )= D S(AR). (62)
kje{o.1) kje{o.1)

The above techniques given in Eqs. (56)-(62) have completely
resolved the previous J, count problem of Eq. (55) in a highly effi-
cient, accurate and reliable manner within the whole frequency
range.

After obtaining the natural frequencies, the corresponding
mode shapes are computed using the global SDS matrix K in a
similar procedure as described in [55]. However, in the inplane
mode shape computation, the mode shape should be normalised
by using a carefully chosen DOF which causes the sign count of
K; to increase when applying the Wittrick-Williams algorithm.
This is similar to the DSM for Levy-type plate [3].

6. Modelling procedure of the spectral dynamic stiffness
method

To assist the interested readers to use the proposed method
easily, we detail the modelling procedure of the spectral dynamic
stiffness (SDS) method as following:

(i) Partitioning the domain of the considered problem into
elements;
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(ii) Evaluating the elemental SDS matrices K and calculating the
Jom count at a trial frequency w* for each element, this includes
(a) Evaluating the material constants for each element by
using Eq. (15), with Egs. (16) and (A.5) for plane stress and
Egs. (17) and (A.7) for plane strain.
(b) Evaluating the four AY matrices of Eq. (C.1) in the mixed-
variable formulation for each (k,j) component, where the
wavenumber related coefficients om, By, Tjn and tyn are
defined in (18), (21) and (27), whereas {, and {;, are defined
in Eq. (B.1); Computing s(A‘T"g) of Eq. (62) for each (k,j)
component.
() Calculating the four SDS component matrices K¥ by using
Eq. (41) and combining them to the SDS matrix K for a com-
plete element by using Eq. (46); Computing J,, for each ele-
ment through Egs. (56), (59) and (62).
(iii) Assembling all elemental SDS matrices for the considered
structure and applying any arbitrarily prescribed classical BCs
following the procedure described in Section 3.3; Computing
Jo count for the global structure by using Eq. (55).
(iv) Applying any arbitrarily prescribed non-classical BCs by
using Egs. (49) and/or (50), where the general G* matrices are
given in Eq. (51) by applying Egs. (52) and (53) to any arbitrarily
given distribution function.
(v) Computing natural frequencies using the Wittrick-Williams
algorithm of Eq. (54); obtaining mode shapes following the pro-
cedure described in the last paragraph of Section 5.

7. Results and discussion

The theory described in this paper is implemented in a Matlab
code using objected-oriented programming technique, which is
very easy to use and open for further development. The SDSM
has been previously developed for transverse vibration of isotropic
plates [54] and complex composite plate assemblies [55,58], which
has been demonstrated to give exact results very efficiently, cover-
ing both low and medium to high frequency ranges. Moreover, the
method has unconditionally computational stability, allowing the
computation of results up to any required precision. In this section,

it will be shown that the above advantages remain in the SDSM for
free inplane vibration. In Section 7.1, the excellent convergence
rate and numerical efficiency of the proposed method will first
be demonstrated, then the SDSM results are validated against pub-
lished results wherever available and applied for some other repre-
sentative cases. In Sections 7.2 and 7.3, the SDSM is applied for the
inplane modal analysis of several wide-ranging engineering
problems.

7.1. Convergence and numerical efficiency studies and validation

The first case to be analysed is the free inplane vibration of a
fully clamped orthotropic plate. This case has been chosen in most
of the existing work [33,39,47,48] on free inplane vibration of
orthotropic plates, allowing the comparison analysis given in
Table 1. All of the SDSM results were computed on a PC with a
3.40 GHz Intel 4-core processor and 8 GB of memory. The number
of terms included in the series (or elements) for each method are
shown in the third column in the form of (M, N); the accuracy (in
terms of Sig. Dig., i.e., significant digits) and computation time
are tabulated in the last two columns whenever available. Note
that M + N means the final matrix size is proportional to the sum-
mation of M and N whereas M x N indicated that the final matrix
size is proportional to their product instead.

Indeed, the proposed SDSM exhibits an very fast convergence
rate. As evident from Table 1, only five (ten/fifteen) series terms
adopted in the SDSM lead to results with accuracy of at least four
(five/six) significant digits. In comparison, the two Ritz methods
(Ritz(IFS) [48] and Ritz(trig.) [39]) used 14 and 18 terms respec-
tively in the series leading to results with five significant digit pre-
cision; the Fourier series based analytical methods (FSA) [47] used
12 terms but gave results with accuracy of only three significant
figures. The Gorman’s superposition method (GSM) [33] on the
other hand, gave results with four digit precision using 9 terms
in the series. More importantly, the number of DOFs involved in
the SDSM is proportional to M + N, which is in a sharp contrast
to other methods (except the GSM [33]) whose numbers of DOFs
are proportional to M x N. For example, to compute results with
five significant digits, the total number of DOFs involved in the

Table 1
Dimensionless frequency parameter A=wa/p(1 —vi2va1)/Ei for free inplane vibration of fully clamped orthotropic plates
(Ey/Er =2.5,v12Vy1 = 0.3%,Gyp = VE1E3/[2(1 4+ /Vi2V51)]) with two different aspect ratios: b/a = 0.5 and 2. It should be noted that
b/a Method M,N 1 2 3 4 5 6 7 8 Sig. Dig. Time(s)
0.5 SDSM 3+3 2.78292 3.81369 4.66319 4.77783 5.06754 5.24816 5.26108 5.96234 3 0.10
5+5 2.78300 3.81404 4.66348 4.77815 5.06812 5.24827 5.26527 5.96743 4 0.13
10+ 10 2.78303 3.81416 4.66350 4.77815 5.06829 5.24830 5.26553 5.96783 5 0.15
15+15 2.78303 3.81418 4.66350 4.77815 5.06832 5.24832 5.26554 5.96786 6 0.16
20+20 2.78303 3.81418 4.66350 4.77815 5.06832 5.24832 5.26554 5.96786 6 0.17
Ritz(IFS)[48] 14 x 14 2.7830 3.8142 4.6635 4.7781 5.0683 5.2483 5.2655 5.9678 5 6.20
Ritz(trig.)[39] 18 x 18 2.7830 3.8142 4.6635 4.7782 5.0683 5.2484 5.2656 5.9679 5 -
FSA[47] 12 x 12 2.7830 3.8152 4.6647 47787 5.0704 5.2496 5.2660 5.9707 3 -
GSM[33] 9+9 - 3.814 4.663 4.778 - 5.240 5.266 5.964 4 -
FEM[48] 100 x 50 2.7828 3.1834 4.6633 4.7771 5.0621 5.2469 5.2644 5.9665 3 79.5
2 SDSM 343 1.63843 1.66709 1.83352 2.19163 2.56529 2.57581 2.7254 3.03389 4 0.10
5+5 1.63851 1.66718 1.83367 2.19251 2.56586 2.57599 2.72611 3.03392 5 0.13
10+10 1.63853 1.66720 1.83370 2.19257 2.56594 2.57599 2.72621 3.03393 5 0.15
15+15 1.63853 1.66720 1.83370 2.19258 2.56595 2.57599 2.72622 3.03393 6 0.16
20+20 1.63853 1.66720 1.83370 2.19258 2.56595 2.57599 2.72622 3.03393 6 0.17
Ritz(IFS)[48] 14 x 14 1.6385 1.6672 1.8337 2.1926 2.566 2.576 2.7262 3.0339 5 6.20
Ritz(trig.)[39] 18 x 18 1.6385 1.6672 1.8337 2.1926 2.566 2.576 2.7262 3.0339 5 -
FSA[47] 12 x12 1.6386 1.6673 1.8341 2.1934 2.5669 2.5777 2.7281 3.0352 3 -
GSM(33] 9+9 - 1.667 - - 2.566 2.576 2.7262 3.034 4
FEM[438] 50 x 100 1.6382 1.6663 1.8326 2.1912 2.5653 2.5745 2.7249 3.0315 3 79.5

Ritz(IFS) - Ritz method based on Improved Fourier Series [48].
Ritz(trig.) - Ritz method based on trigonometric functions [39].
FSA - Fourier series based analytical method [47].

GSM - Gorman’s superposition method[33].
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SDSM is only 79 (when M + N = 10 + 10), whereas the Ritz (IFS)
method [48] needed 570 DOFs (M x N = 14 x 14). The FEM [48]
on the other hand, used as much as 10,201 DOFs (50 x 100 ele-
ments) but led to results with only three-significant-digit accuracy.
Indeed, the SDSM represents the dynamic system very accurately
by using a much smaller number of DOFs compared to other meth-
ods. As a result, it is to be expected that the SDSM is much more
efficient than other methods. For example, as evident from Table 1,
the SDSM provided more accurate results by taking only 2% and
0.2% of the computation time taken by the Ritz(IFS) method [48]
and FEM (48] respectively (the computation of the two latter
methods [48] were conducted on a more advanced hardware with
Intel i7 3.9 GHz). The superiority of the SDSM over other methods
will be more significant for higher frequencies, which has been
shown for the transverse free vibration of composite plates [56]
and plane elastodynamic problems [57] and will not be shown here
for brevity. In the remainder of this paper, all SDSM results will be
shown in bold to indicate that the SDSM results are accurate up to
the last digit quoted for benchmark purposes.

After showing the computational performance of the SDSM,
now we validate the SDSM for orthotropic plates with classical
BCs which have closed-form exact solutions available [38] to illus-
trate the high accuracy of the SDSM results. Twelve cases are con-
sidered and shown in Table 2. The four sequential letters denote
respectively the boundary conditions along the right, up, left and
bottom plate edges in an anticlockwise sense. The letters ‘C’ and
‘F’ represent clamped and free edges whereas ‘S;” and ‘S’ stand
for edges withT = 0,N = 0and L = 0,S = O respectively. In Table 2,
exact results are computed by the SDSM for the 12 cases with accu-
racy of six significant figures, the first five figures of which all coin-
cide with the closed-form exact solutions [38] presented with five
significant figures. It should be noted that in the both cases S,S;S,F
and S,FS,F, the fundamental natural frequency should be zero cor-
responding to rigid body modes. It is worth highlighting that rigid
modes are not trivial in certain analyses (e.g., for remote compo-
nents, rotating shafts, lying aircraft, satellites). So it is very impor-
tant that the algorithm can automatically detect their presence to
spot potential mechanisms. In the present SDSM, the rigid modes

Table 2

are captured without any miss due to the application of the
Wittrick-William algorithm.

Now we are in position to apply the present method to the free
inplane vibration of orthotropic plates with other classical BCs
where closed-form exact solution is not available. Table 3 tabulates
the dimensionless natural frequency parameters for orthotropic
plates with two aspect ratios (a/b = 1 and 2) and subjected to eight
different classical BCs. All results are presented with accuracy of
five significant figures for further comparison purposes, which
are compared with finite element solutions.

After shown the application of the current SDSM to plates with
classical BCs, now we apply the SDSM to the free inplane vibration
of plates with non-uniform elastic supports. As the only few exist-
ing work [46-48] have been confined to free inplane vibration of
plates with uniform elastic supports, the sole existing contribution
dealing with non-uniform inplane elastic supports appears to be
made by Dozio [43], which was applied to individual isotropic
plates. (It should be kept in mind that the current SDSM method
treats non-uniform elastic supports in a very concise and accurate
manner, in which the SDS matrices of those elastic supports are
superposed directly to the global SDS matrix of the complete struc-
ture in a strong form.) Table 4 shows the first ten inplane natural
frequencies of a square plate with identical elastic supports along
all four edges. Both normal (L) and tangent (T) directions have
the same stiffness distribution, being either triangular (E;;) or
parabolic (E'i %). Note that E stands for an elastic support; and

the subscripts L and T denote normal and tangent displacements
respectively; the stiffness distributions of these elastic supports
are indicated by putting a corresponding accent over the subscripts
L and T, where (), (), ()and () stand for uniform, triangular, para-
bolic and V-shaped distributions respectively, with the corre-
sponding dimensionless distribution functions G“(¢) taking the

form

():G¢) =1, ():G(&) =1-(¢/L)?, (63a)

O:G(© =1-[¢/Ll, ():G(&)=I¢/Ll, (63b)

Dimensionless frequency parameters 4 = (2a)w/m./p/G,, for a square orthotropic plate (E; /E> = 2, V12 = 0.3,A5 /Ags = 2) with twelve classical BCs. The results computed by the

present method are compared with closed-form exact solutions by Liu and Xing [38].

BCs Method 1 2 3 4 5 6 7 8 9 10
$2515,C SDSM 0.707107 1.16188 1.91769 2.07792 2.12132 2.37894 2.60524 2.81997 3.05076 3.27893
Exact [38] 0.7071 1.1619 1.9177 2.0779 2.1213 2.3789 2.6052 2.8200 3.0508 3.2789
$25,S5,C SDSM 1.41421 1.52284 2.08147 2.29316 2.34934 2.80605 2.82843 2.97501 3.19746 3.34724
Exact [38] 1.4142 1.5228 2.0815 2.2932 2.3493 2.8060 2.8284 2.3975 3.1975 3.3472
S$,CS,C SDSM 1.41421 1.61731 2.12219 2.32376 2.78530 2.82843 2.85223 3.04568 3.21157 3.68659
Exact [38] 1.4142 1.6173 2.1222 2.3238 2.7853 2.8284 2.8522 3.0457 3.2116 3.6866
$251S,F SDSM 0 0.895708 141421 1.43242 1.85173 2.07201 2.18177 2.34173 2.78930 2.81577
Exact [38] - 0.8957 1.4142 1.4324 1.8517 2.0720 2.1818 2.3417 2.7893 2.8158
$25,S,F SDSM 0.707107 1.00610 1.84694 1.87161 2.01824 2.12132 2.38582 2.50525 2.79272 2.80943
Exact [38] 0.7071 1.0061 1.8469 1.8716 2.0182 2.1213 2.3858 2.5053 2.7927 2.8094
S,CS,F SDSM 0.707107 1.03010 1.87465 1.87683 2.12132 2.27309 2.42792 2.55767 2.79317 3.23387
Exact [38] 0.7071 1.0301 1.8746 1.8768 2.1213 2.2731 2.4279 2.5577 2.7932 3.2339
S,FS,F SDSM 0 0.805897 1.39655 141421 1.79142 2.01219 2.01457 2.11312 2.75428 2.79478
Exact [38] - 0.8059 1.3965 1.4142 1.7914 2.0122 2.0146 2.1131 2.7543 2.7948
$515:C SDSM 0.808655 1.39265 1.60578 2.00191 2.24882 2.38088 2.56151 3.00158 3.02199 3.05274
Exact [38] 0.8087 1.3927 1.6058 2.0019 2.2488 2.3809 2.5615 3.0016 3.0220 3.0527
$25,5,C SDSM 1.06110 1.42612 1.84329 1.88106 2.54023 2.64823 2.73644 2.99418 3.07203 3.33072
Exact [38] 1.0611 1.4261 1.8433 1.8811 2.5402 2.6482 2.7364 2.9942 3.0720 3.3307
$,CS,C SDSM 1.38640 1.44263 1.93149 2.24522 2.70359 2.75658 2.76478 3.24250 3.32864 3.38105
Exact [38] 1.3864 1.4426 1.9315 2.2452 2.7036 2.7566 2.7648 3.2425 3.3286 3.3810
$2515:F SDSM 0.402948 1.05656 1.37714 1.39739 1.77269 1.86286 2.32182 2.53195 2.57525 2.62884
Exact [38] 0.4029 1.0566 1.3771 1.3974 1.7727 1.8629 2.3218 2.3520 2.5735 2.6288
$25:5:F SDSM 0.698274 1.00728 1.41264 1.42337 1.98215 2.16028 2.33020 2.39275 2.89676 2.93652
Exact [38] 0.6983 1.0073 1.4126 1.4234 1.9822 2.1603 2.3302 2.3928 2.8968 2.9365
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Table 3
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The first ten dimensionless frequency parameters 4 = (2a)w/m./p/G,, for a rectangular orthotropic plate (E; /E; = 2,v1; = 0.3, A3, /Ass = 2) with two aspect ratios and subjected
to eight different classical BCs where closed-form exact solution is not available. The SDSM results are compared with results computed by ANSYS using a 100 x 100 mesh

(a/b=1)ora200 x 100 (a/b = 2) mesh of Plane 182 elements.

BCs a/b 1 2 3 4 5 6 7 8 9 10
FFFF 1 0 (1] (1] 1.1761 1.2455 1.3568 1.4961 1.6268 1.9987 2.0164
(FEM) 0 0 0 1.1762 1.2457 1.3569 1.4964 1.6270 1.9992 2.0164
2 0 (1] (1] 1.2097 1.8295 1.9204 2.5693 2.6025 2.6273 2.7380
(FEM) 0 0 0 1.2097 1.8296 1.9204 2.5696 2.6027 2.6277 2.7382
CFFF 1 0.36944 0.97671 1.0012 1.3419 1.5115 1.5943 2.1492 2.1949 2.4509 2.5575
(FEM) 0.36948 0.97674 1.0013 1.3420 1.5117 1.5946 2.1500 2.1956 24518 2.5584
2 0.25747 0.92410 0.97887 1.8989 2.3550 2.5902 2.6392 2.9788 3.0841 3.1183
(FEM) 0.25749 0.92416 0.97888 1.8992 2.3552 2.5904 2.6394 2.9791 3.0848 3.1186
CFS,F 1 0.42424 1.3255 1.4076 1.7131 2.0164 2.1309 2.3080 2.4349 2.8105 2.8391
(FEM) 0.42430 1.3258 1.4077 1.7135 2.0164 2.1312 2.3092 2.4360 2.8110 2.8398
2 0.34016 1.1785 1.9369 2.1332 2.7862 2.8188 2.8240 3.1190 3.1298 3.6910
(FEM) 0.34019 1.1786 1.9370 2.1335 2.7864 2.8189 2.8242 3.1194 3.1306 3.6919
CCCSy 1 1.2132 1.9969 2.2352 2.2778 2.5560 3.0175 3.0446 3.3707 3.3757 3.4761
(FEM) 1.2133 1.9971 2.2354 2.2780 2.5564 3.0180 3.0458 33718 3.3768 3.4772
2 1.7034 22952 2.8499 3.2027 3.9873 4.0988 4.1889 4.4929 4.6674 4.8289
(FEM) 1.7034 2.2953 2.8500 3.2029 3.9877 4.0996 4.1896 4.4932 4.6680 4.8296
CCS, S, 1 14524 1.8541 2.1004 2.3961 2.7218 2.8428 2.8930 3.2008 3.4805 3.6628
(FEM) 1.4525 1.8542 2.1006 2.3964 2.7224 2.8432 2.8936 3.2018 3.4816 3.6646
2 2.1514 2.8388 2.9490 3.3642 3.7110 4.1161 4.2226 4.7310 5.0355 5.1148
(FEM) 2.1514 2.8390 2.9492 3.3645 3.7112 41164 4.2232 47316 5.0364 5.1160
S, FFF 1 0 0.60483 0.96018 1.2847 1.3690 1.4235 1.7673 1.7737 2.3317 24265
(FEM) 0 0.60486 0.96020 1.2848 1.3691 1.4236 1.7676 1.7741 2.3324 24276
2 0 0.41073 0.97467 1.3733 21777 2.5752 2.5910 2.6476 2.8236 3.0954
(FEM) 0 0.41072 0.97468 1.3734 2.1779 2.5754 2.5912 2.6480 2.8238 3.0958
CS,CF 1 1.1517 1.8466 1.9972 21771 2.2417 2.5621 2.8357 2.9593 3.2951 3.3763
(FEM) 1.1519 1.8471 1.9974 2.1776 2.2420 2.5626 2.8378 2.9600 3.2966 3.3776
2 1.6135 1.9198 2.1271 2.8519 2.8978 3.7994 3.8478 4.0503 4.0772 4.4194
(FEM) 1.6136 1.9199 2.1273 2.8521 2.8984 3.8006 3.8482 4.0504 4.0776 4.4200
CS,FF 1 0.76135 0.98940 1.0977 1.5219 1.9179 2.0841 2.2674 2.5091 2.6725 2.8535
(FEM) 0.76138 0.98944 1.0978 1.5222 1.9183 2.0844 2.2682 2.5098 2.6734 2.8546
2 0.97671 1.3419 1.5115 2.1949 2.4509 2.9808 3.1459 3.3589 3.6865 4.0105
(FEM) 0.97672 1.3420 1.5115 2.1951 2.4511 2.9809 3.1466 3.3592 3.6873 4.0112
Table 4

The first ten dimensionless inplane frequency parameters i = wa./p(1 — v2)/E of a square isotropic plate (v = 0.3) whose four edges are subjected identical non-uniform elastic
supports. In particular, Ej; stands for an elastically supported edge with triangularly distributed stiffness (1,(1 — |£/L|)) in both normal and tangent directions; whereas E-- ;
represents elastic supports with parabolically distributed stiffness p,[1 — (i/L)z] in both directions. For all elastic supports, 1, = KyE/[a(1 — v?)] where Kj is the dimensionless

elastic stiffness taking either 1 or 10* in this table.

Ky methods 1 2 3 4 5 6 7 8 9 10
EiiEirEirEir
SDSM 0.85374 0.85374 1.1786 1.4295 1.7149 1.7405 1.7405 1.9601 1.9741 2.1438

Ritz(trig.) [43] 0.8537 0.8537 1.1786 1.4295 1.7149 1.7405 - - - -
10* SDSM 1.7773 1.7773 2.1174 2.5922 2.9290 2.9470 2.9470 3.3529 3.5558 3.5558
Ritz(trig.) [43] 1.7773 1.7773 2.1174 2.5923 2.929 2.9471 - - - -
E E E _E_

LT LT LT LT
1 SDSM 0.85374 0.85374 1.1786 1.4295 1.7149 1.7405 1.7405 1.9601 1.9741 2.1438
Ritz(trig.) [43] 0.8537 0.8537 1.1786 1.4295 1.7149 1.7405 - - - -
10* SDSM 1.7773 1.7773 21174 2.5922 2.9290 2.9470 2.9470 3.3529 3.5558 3.5558
Ritz(trig.) [43] 1.7773 1.7773 2.1174 2.5923 2.929 2.9471 - - - -

where ¢ € [-L, L] is the local coordinate along the corresponding line

node. In addition, () stands for fixed deformation, i.e., () = 0. The
SDSM are computed with five significant figures, which all match
with those obtained by the Trigonometric Ritz method by Dozio
[43] wherever available.

Next, we will demonstrate the application of the SDSM to lam-
inated plates subject to both classical BCs and non-uniform elastic
supports. Table 5 includes the first ten inplane natural frequen-
cies of a square symmetric cross-ply plate for three cases whose
details are given in Fig. 2. The three cases include a fully clamped
case and two cases with non-uniform elastic supports as shown
in Fig. 2. All SDSM results are accurate to the last digit quoted.
It can be seen that all of the first four eigenvalues for the CCCC
case coincide with those obtained by Ritz (trig.) method [43]
wherever available.

7.2. Applications to engineering composite plate assemblies

So far, the SDSM has been applied to individual plates only. A
review of the literature reveals that all existing analytical work
has been limited to the free inplane vibration of individual plates,
there has been no existing work devoted to that of plate assem-
blies, let alone the modelling of arbitrary non-uniform elastic sup-
ports, mass attachments or coupling constraints. However, all
these kinds of problems can be modelled easily and efficiently by
the proposed method.

7.2.1. A stepped cantilever laminated plate

The first problem is a stepped cantilever laminated plate as
shown in Fig. 3 whose out-of-plane free vibration analysis has
already been reported in [56], and now we are focusing on its



X. Liu/ Composite Structures 158 (2016) 262-280 273
Table 5
Dimensionless natural frequencies 4 = wa./p(1 — v12V21)/E1 of a square symmetric cross-ply plate under three different boundary conditions as illustrated in Fig. 2.
Cases Ko 1 2 3 4 5 6 7 8 9 10
CCcc - 1.0646 1.1582 1.2654 1.3107 1.3532 1.4769 1.4956 1.6435 1.7024 1.8336
(Ref. [39]) 1.0646 1.1582 1.2654 1.3107 - - - - - -
EiT S2E;4S2 0 0 0.27164 0.54329 0.81493 1.0547 1.0866 1.1607 1.2369 1.2751 1.3103
1 0.70859 0.72554 0.90925 1.0619 1.0915 1.1620 1.3061 1.3103 1.4947 1.5368
10 1.0637 1.1044 1.1086 1.1761 1.2409 1.3103 1.3813 1.4951 1.5565 1.7022
E;zCCC 0 1.0379 1.1029 1.2301 1.2652 1.3530 1.4001 1.4764 1.5963 1.6433 1.8127
1 1.0610 1.1447 1.2653 1.2848 1.3531 1.4574 1.4767 1.6432 1.6525 1.8335
10 1.0641 1.1561 1.2654 1.3066 1.3532 1.4769 1.4894 1.6434 1.6937 1.8336
C So C
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Fig. 2. A square symmetric cross-ply plate (x x y = [—a, a] x [—b, b]) subject to three different boundary conditions. The plate is composed of five graphite-epoxy laminae [0°/

90°/0°/90°/0°] with the material properties: E; /E; = 20, G2 = 0.6E; and v, = 0.25. The stiffness constants of the elastic supports is p, = KgE1h/[a(1 — vi2v21)], where Kj is a

dimensionless stiffness constant taking 0,1 and 10 as in Table 5.
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Fig. 3. A stepped cantilever laminated plate subjected to uniform or non-uniform normal elastic supports (y € [—b, b]).

inplane vibration. The structure consists of three laminae with
stacking sequence [90°/0°/90°]. Each ply is 1 mm thick and made
of T-graphite/epoxy lamina. The top and bottom laminae extend
at 1 m from the cantilever edge whereas the middle laminae is
extended by a further 2 m. The plate is cantilevered on the left
hand edge, and subjected to seven different combinations of clas-
sical or non-classical BCs denoted by Cases 1 ~ 7 in Table 6. The
uniform or non-uniform elastic supports in the normal direction
are applied either along the right end or on the thickness step
between Part A and Part B as shown in Fig. 3. Two SDS elements
corresponding to Part A and Part B are used in the modelling.
The first eight natural frequencies are given in Table 6 for all seven
cases. It should be kept in mind that both the structure and the BCs
for all seven cases are symmetric with respect to the middle line
perpendicular to the clamped edge. A close inspection on the
results given in Table 6 will lead to the following conclusions:

(i) Any additional elastic support will increase all the natural
frequencies of the structure as expected.

(ii) In such a symmetric configuration, the increase in the natu-
ral frequency of the structure caused by the elastic supports is
in a descending order with respect to the stiffness distributions:

Uo» o[l — (¥/b)?] and u,(1 — |y/b)). This is to be expected since
the average amplitudes of the above three distributions are in a
descending order.

(iii) The same normal elastic support applied along the right
end of the plate results in a larger increase in all of the natural
frequencies than that applied along the middle line at the thick-
ness step.

7.2.2. Coupled shear walls placed on an elastic foundation and
subjected to non-uniform mass attachments

Coupled shear walls are frequently encountered in high rise
buildings as an efficient design to resist the lateral forces coming
from wind or earthquake [63]. Of course, the FEM can be applied
for shear wall analysis but has never been popular due to its rela-
tively low efficiency and high computing cost. Therefore, many
attempts [16-18,64,20] have been made by using more efficient
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Table 6
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The first eight natural frequencies (Hz) of a stepped cantilever composite plate as shown in Fig. 3 for seven cases with different combinations of ;. t, and G*(y). In this table,

Mo = E1t/[2b(1 — v12v31)]  where  2b=1m,t=0.001m, and the plate is made of T-graphite/epoxy lamina with the material properties:
E; =185 GPa, E; = 10.5 GPa, Gy, = 7.3 GPa, vy, = 0.28 and p = 1600 kg/m>.
Cases I’ My GY(y) 1 2 3 4 5 6 7 8
1 0 0 - 143.50 444.90 730.09 876.31 1120.4 1278.2 1360.2 1407.8
2 Uy 0 1 163.71 464.23 758.75 1175.2 1273.9 1297.2 1394.0 1461.3
3 Lo 1= (y/b)? 156.08 455.56 744.55 1153.2 1196.1 1282.1 1382.5 1459.0
4 Uy 0 1— |y/b| 152.90 452,59 740.37 1141.1 1145.4 1281.5 1379.2 1455.3
5 0 Ho 1 160.32 445.32 730.96 1049.4 1151.9 1280.5 1362.0 1479.5
6 0 Uo 1 (y/b)? 150.98 44520 730.64 1002.3 1136.0 1280.2 1361.6 1453.0
7 0 Uo 1— |y/b| 148.45 44512 730.49 976.08 1131.1 1279.9 1361.3 1438.3
| 6m | | 6m | other hand, in many engineering cases such as earthquake
\ \ \ \ damaged buildings, shear walls need to be reinforced for example,
-5 by steel sheets or carbon fibre-reinforced plastic (CFRP) sheets,
which have been proved to be mechanically effective. However,
there is very few work available in the literature, a recent work
z; - g:z;’:n was conducted by using the FEM [20]. It is exciting to see that
ts = 0.006m PP the proposed theory provides a convenient and efficient tool for
8m Part B -~ the modal analysis of coupled shear walls with the capability of
considering all above factors.
mp = mp = mg The coupled shear wall to be investigated using the SDSM in
mp =mr =m3 this paper is shown in Fig. 4. In this problem, the coupling between
£ o the two shear walls is modelled as a uniform elastic coupling con-
. = + straint (red spring in Fig. 4) with normal stiffness K; = K, and
/ ﬁk /j: shear stiffness Kr = 0 where K, is given in Table 7. The coupled
A el A o shear walls are placed on an elastic foundation which has the same
6m Part C f Part A stiffness in both vertical and horizontal directions: K; = Kr = K
™ and Kj is also given in Table 7. The left shear wall (Part C) is further
A ‘LA subjected to a parabolically distributed mass (m;) on the floor and
L T 2T X R 4 < a triangularly distributed mass (ms) on the roof. The floor of the

Ky = Kp =Ky Ky = Kp =Ky

Fig. 4. Coupled shear walls placed on an elastic foundation. The front and back
yellow layers are either steel or CFRP sheets to reinforce Part A of the right shear
wall. The red springs indicate the elastic coupling constraints between the two
shear walls; the blue shaded areas denote the non-uniformly distributed line
masses which model the loading coming from floors. The characteristics of the
components are given in Table 7.

methods, e.g., finite strip method [16], Rayleigh-Ritz method [17],
transfer matrix method [18], continuous-discrete approach [64]
and reduced finite element method [20]. Although many existing
work [16-18,64]| focused on the effects caused by elastic founda-
tions on the shear walls, to the best of our knowledge, there has
been no research dealing with non-uniform line masses to model
the loading coming from floors. Nevertheless, these floor loadings
should never have been neglected since they generally change
the dynamic behaviour of the shear walls significantly. On the

Table 7

right shear wall (part A) is also subjected to mass m; whilst the
second floor loading is modelled by a triangular mass m,. Here,
the non-uniform masses m;, m, and ms are given in Table 7, with
the assumption that all masses exert the same effects in the verti-
cal and horizontal directions, i.e., m,=my=m;, i=1,2,3. The
material of the shear wall (Parts B, C and the main body of Part
A) has the properties: E. = 2 GPa, v = 0.25, p = 2400 kg/m?>. Part
Ais further reinforced on the front and back surfaces by either steel
sheets (E = 200 GPa, v = 0.3, p = 7600 GPa) or CFRP sheets (E;
138GPa, E; =8.96 GPa, G1; = 7.1 GPa, vi; =0.3, p=1560kg/m3). It
should be noted that the CFRP sheets are placed in such a way that
the direction corresponding to E; is parallel to the vertical direction
to maximise the reinforcement.

Eight cases are considered by using the current SDSM. Different
cases have different combinations of foundation stiffness (Kj), elas-
tic coupling stiffness (K,), mass distribution (m;,m, and ms) and
whether the shear wall (Part A) is reinforced or not, which are indi-
cated in Table 7. The first ten natural frequencies for the eight cases
are included in Table 8 and the first four mode shapes of Cases 1, 6

Eight different cases investigated for the coupled shear walls as shown in Fig. 4. In this table, E. = 2 GPa and t; = 0.3 m. ¢ represents either x or y, and 2L = 6 m. In Cases 7 and 8,
Part A is reinforced by either steel or CFRP sheets (thickness t; = 0.006 m) which are applied on the front and back surfaces.

Ky Kp m; (kg/m) m; (kg/m) mj3 (kg/m) Reinforcement
Case 1 Ect1/2 Ect1/5 - - - none
Case 2 2E-ty Ec.t1/5 - - - none
Case 3 0 Ect1/5 - - - none
Case 4 Ect1/2 E.tq - - - none
Case 5 Ecty/2 Ect1/5 5 x 10%[1 — (&/L)3] - - none
Case 6 Ect1/2 Ect1/5 5x 10%1 — (¢/L)?) 2 % 10%(1 — |¢/L)) 1x10*(1 = |&/L)) none
Case 7 Ect1/2 Ecty/5 5 x 10%[1 = (&/L)%) 2% 10%(1 — |¢/L)) 1% 10%(1 = [&/L)) Steel (t3)
Case 8 Ecty/2 Ect1/5 5 x 10%[1 = (&/L)3) 2 % 10%(1 — |¢/L)) 1x10%(1 - |&/L)) CERP (t3)
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Table 8
The first six natural frequencies (Hz) of the coupled shear walls for the eight cases described in Table 7.
1 2 3 4 5 6 7 8 9 10
Case 1 4.194 14.46 15.14 24.40 28.98 35.69 40.67 42.23 47.78 60.52
Case 2 4.679 15.97 16.67 25.44 35.20 37.65 43.67 46.12 49.49 62.29
Case 3 4.885 16.75 17.27 26.06 37.67 38.94 44,96 47.81 50.07 63.23
Case 4 4276 14.60 15.14 27.59 29.05 37.37 42.21 43.19 48.38 60.86
Case 5 4.169 12.08 12.60 13.44 14.34 15.26 18.00 18.55 18.63 19.73
Case 6 3.531 9.556 9.965 13.27 14.14 14.67 15.80 16.80 18.53 18.96
Case 7 4.443 11.39 11.94 13.27 14.34 15.87 16.97 18.56 19.87 21.99
Case 8 4214 11.14 11.23 13.27 14.26 15.09 16.18 18.54 19.76 20.05

and 8 are shown in Fig. 5. The computed results can lead to the

following conclusions:

(i) The comparison among Cases 1, 2 and 3 reveals that larger
foundation stiffness will lead to higher natural frequencies as
expected.

(ii) The elastic coupling stiffness between the two shear walls
also exert a positive effect on improving the natural frequen-
cies. This is evident by comparing Cases 1 and 4.

Case 1, wy = 4.194 Hz CEiE Lty I8 A0

(iii) The floor loadings play a very important role on the natural
frequencies of the shear walls which therefore, should not have
been neglected in the previous investigations [16-18,64,20]. It
is clear from Table 8 that, compared to the unloaded case (Case
1), any mass attached onto the shear walls (Cases 5 and 6) will
decrease the natural frequencies; and the reduction in higher
frequencies (about 70% decrease) are more remarkable than
that in lower frequencies (up to 17% decrease). Moreover, the
masses placed onto the higher floor (m, and mj3 in Case 6) plays

Case 1, wg=15.14 Hz Case 1, wa=24.1 Hz
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Fig. 5. The first four mode shapes of coupled shear walls as shown in Fig. 4 for the Cases 1,6 and 8 as described in Table 7.
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Table 9

The first ten dimensionless elastic natural frequency parameters for the plane strain free vibration of a prismatic orthotropic solid with square cross section subjected to three

types of classical BCs.

BCs J=2wa/m\/p/Gyy
ccce 1 2 3 4 5 6 7 8 9 10
1.6305 23210 27225 2.7575 3.1942 3.2238 3.2433 3.8104 3.9590 3.9729
FFEF 4 5 6 7 8 9 10 11 12 13
1.1106 1.2443 1.2897 1.6678 1.8024 2.0231 2.2794 2.4289 2.6193 2.6740
S,FS,F 2 3 4 5 6 7 8 9 10 11
0.67848 1.2897 1.6522 1.7265 21157 2.4298 2.6222 2.6305 2.6845 2.8175
a more significant role (17% decrease) on the fundamental nat-
ural frequency than those placed on the lower floor (m; in Case
5) with a very small reduction. . © L
. . e 3 =
(iv) The reinforcements by the steel sheets (Case 7) and the R " 0
CFRP sheets (Case 8) result in a considerable increase ,/’ 5
(20-26%) in the first natural frequencies compared to the unre- i
inforced case (Case 6), but less so for higher natural frequencies. :
In particular, the steel sheets lead to a slightly larger increase in —; : cither T(£) = 0 or K (£) prescribed g
natural frequencies than the CFRP sheets. C | \either L(€) = Oor K, (€) prescribed It
1
1
7.3. Applications to plane strain free vibration of prismatic orthotropic L

solids

As mentioned in the Introduction, the SDS formulation devel-
oped in this paper is applicable not only to the free inplane vibra-
tion of plate assemblies under plane stress assumption, but also
applicable to the cross-sectional free vibration of infinite prismatic
orthotropic solids under plane strain assumption. However, it
should be noted that the reduced stiffnesses in the plane strain
vibration problems will be different from that of plane stress ones,
see Appendix A. The constitutive relations of plane strain vibration
of orthotropic solids are determined by seven independent stiff-
ness constants, which is different from the plane stress vibration
determined by four elastic constants only.

Table 9 shows the first ten elastic natural frequencies for the
cross-sectional vibration of a prismatic orthotropic solid with
square cross section under three different classical BCs, e.g., fully
clamped (CCCC), completely free (FFFF) and another case
(SoFSyF). The material properties of the solid are: E,/E; =4,
E3/E] = 40 G]z/E] = 067 Vo1 = 038. V31 = 047 V3 = 0.3. The
orthotropic material is placed in such a way that the 3 direction
in the material coordinate system is normal to the cross section
of the prismatic solid, whereas the 1 and 2 directions are coincide
with the x and y directions within the cross section. Again, the first
three natural frequencies of the completely free case (‘FFFF’) and
the first natufral frequency of the ‘S,FS,F case are zero correspond-
ing to rigid body modes, which are captured by the SDSM but not
shown in Table 9.

As the final example, we now apply the current SDSM to inves-
tigate the plane strain vibration of an infinite prismatic orthotropic
solid as shown in Fig. 6. The solid is made of carbon fibre/epoxy
material: E; = 161.0 GPa, E; = E3 = 11.38 GPa, Gy, = 5.170 GPa,
V12 = V13 = 0.38, v,3 = 0.30, p = 1560 kg/m>. The 1 direction in
the material reference system is placed horizontally. The cross sec-
tion of the solid is 4 cm wide and 1 cm high and is clamped on the
leftmost surface. Five cases with/without uniform mass and with/
without the presence of crack are considered: In Cases 2-5, there is
a uniformly distributed mass placed between 2 and 3 cm away
from the clamped surface, see Fig. 6; In Cases 3-5, there is a crack
located at 1 cm away from the clamped surface. The mass is
denoted by m(¢); and the cracks are modelled by elastic coupling
constraints with parabolically distributed stiffnesses: Kr(¢) and/
or K, (¢). Therefore, the five cases are described as following

lcm ‘ lcm ‘ lcm lcm

Fig. 6. A cracked infinite prismatic solid made of carbon fibre/epoxy material and
subjected to a partially distributed mass attachment. In this figure, ¢ € [-L, L] with
2L =1cm.

Casel: T({)=0, L(&)=0, m() =0, (64a)
Case2: T(¢) =0, L(¢)=0, m(¢)=my, (64b)
Case3: Kr(¢) =Kro[l - (¢/L)°), L&) =0, m(&)=mo, (64c)
Cased: T(&) =0, Ki(&)=Kyp[l- (L2, m(&=my (64d)
Case5: Kr(¢) = Kno[1 — (¢/1)%), Ki(¢) = Kio[1 — (¢/L)],

m(&) = mo, (64e)

where Krp = Kjo = 1 x 10" Paand my = 40 kg/m?2. In particular, Case
1isauncracked solid without mass attachment; Case 2 is a uncracked
solid with mass attachment; in Case 3, the normal displacements
along the crack are assumed to be continuous but the tangent dis-
placement are elastically coupled; in Case 4, the normal displace-
ments along the crack are elastically coupled but the tangent ones
are assumed to be continuous; and in Case 5, both normal and tan-
gent displacements on both sides of the crack are elastically coupled.
In the SDSM implementation, four square SDSM elements are used to
model inplane vibration of the cracked prismatic solids. The first ten
inplane natural frequencies for the five cases are given in Table 10
with four significant figures. It is clear that the mass attachment
decreases all natural frequencies especially for higher ones. The pres-
ence of the crack also lead to a decrease for all natural frequencies.
More specifically, the coupling constraint in the normal direction
(Case 4) reduces the natural frequencies more significantly than that
in the tangent direction (Case 3) with the same stiffness distribution.
The first six mode shapes of the cross section for Case 5 are shown in
Fig. 7. The crackis clearly seen from the 3rd, 4th and the 5th modes. In
addition, the uniform mass attachment causes local vibrations for
higher modes, e.g., the 4th, 5th and the 6th modes.
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The first ten natural frequencies for the plane strain vibration of a prismatic orthotropic solid made of carbon fibre/epoxy material as depicted in Fig. 6. Five cases as described in

Eq. (64) are considered.

Cases Modes (kHz)
1 2 3 4 5 6 7 8 9 10
1 7.431 25.31 49.68 63.76 71.84 94.50 109.6 121.8 139.4 141.1
2 5.527 20.74 37.91 38.53 45.22 55.92 66.41 73.13 77.64 79.24
3 5.487 20.60 37.89 38.50 45.21 55.88 66.31 72.48 77.41 79.00
4 3.926 18.35 29.69 37.63 43.74 55.81 65.43 67.68 73.01 78.39
5 3.913 18.17 29.68 37.61 43.74 55.77 65.41 67.54 72.41 78.04
1=3.913 kHz (b) Casc 5, wy = 18.17 kHz (c) Case 5, w3 =29.68 kHz

B
RARR

R

(¢) Casc 5, ws = 43.74 kHz,
— ,_]\ g -

i

Fig. 7. The first six mode shapes of a cracked prismatic orthotropic solid (depicted in Fig. 6) for Case 5 as given by Eq. (64e).

8. Conclusions

This paper has presented a novel analytical spectral dynamic
stiffness method (SDSM) for exact inplane modal analysis of sym-
metric cross-ply plate assemblies and prismatic orthotropic solids
subject to arbitrary boundary conditions, arbitrary non-uniform
elastic supports, mass attachments and coupling constraints. The
exact shape function of the inplane governing differential equation
is first derived by using two types of 1D modified Fourier series.
Eventually, the spectral dynamic stiffness (SDS) matrix for the
inplane vibration of an element is formulated in a mixed-variable
form, which can then be assembled directly to form the global
SDS matrix for either the inplane vibration of composite plate
assemblies or the cross-sectional vibration of prismatic orthotropic
solids. In both cases, the structures can be subjected to any arbi-
trary classical boundary conditions. Furthermore, the additional
inplane SDS matrices generated by any arbitrary non-uniform elas-
tic supports, mass attachments and coupling constraints are for-
mulated in a strong form. Those additional inplane SDS matrices
are then superposed directly to the global inplane SDS matrix of
the parent structures. Finally, as the solution technique, the
Wittrick-William algorithm is enhanced by resolving the mode
count problem of a fully clamped element in an elegant and effi-
cient manner. It has been demonstrated that the SDSM method
gives exact solutions with prominent computational efficiency.
This is attributed to the factor that the inplane vibration of the
structures is described accurately in the proposed SDSM by using
an extremely few DOFs. Then, the versatility of the method has
been further demonstrated by applying the method to a wide
range of engineering problems. All results obtained by the SDSM
are accurate up to the last digit presented, therefore will serve as
benchmark solutions. The current SDSM offers an efficient and
accurate technique for the parametric and optimisation analysis
on the inplane vibration of a wide range of composite structures.
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Appendix A. The constitutive relations for orthotropic materials
in plane stress and plane strain deformation

The constitutive law for an orthotropic material in the lamina
reference system can be cast in the following compliance matrix
form.

&11 1/E1 —V21/E2 —V31/E3 0 011
&n | _ —vi2/Er  1/E;  —v3/Es 0 02 A1)
€33 —vi3/E1 —vs/E;  1/E3 0 033 '
2¢e1, 0 0 0 1/G12 012
where
v Ey vis _E; v,  Es
) =T =T - A2
viz E v E3 vz E (A.2)

The constitutive equation of an orthotropic material given
above will be reduced two special cases under plane deformation,
namely, plane stress and plane strain. Both cases can be written in
the same matrix form as below

01 Qi1 Q O &n
0n|=[Qxn Qp O &n |, (A3)
012 0 0 Q66 2812

but with different expressions for the reduced stiffnesses Q;;, which
are given as follows.
During plane stress deformation, o33 = 0. Therefore, the first
three rows of Eq.(A.1) are reduced to
{811} _ { 1/E, *V21/Ez}{0'11}
) -vi2/Er 1/E; 0l
Taking the inverse of the coefficient matrix in Eq. (A.4) and that

of 1/Gy2 in Eq. (A.1), the plane-stress reduced stiffness matrix [59] in
Eq. (A.3) becomes

(A4)
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Qi1 Q12 O Ei/(1=vi2v21)  VaiEr/(1=viav21) O
Qxn Qpn 0 | =|vieEx/(1=vi2va1) Ex/(1-vi2va1) O
0 0 Qg 0 0 G2

(A5)

In view of Eq. (A.2), there are four independent engineering con-
stants (e.g., E1,E2, V12 and Gy2) in the reduced stiffness matrix for
plane stress deformation.

In plane strain deformation &3 = 0, thus the first three rows of
Eq. (A.1) are reduced to

{811} _ { 1/E1 — vi3v31/Eq

—V1/E; — V23V31/Ez} {0'11 }
—Vi2/E1 — Vi3V32 /E;

& 1/E; — vp3v32 /Ey 022

(A6)
A.6) and
.1), the plane-strain reduced stiffness matrix

By taking the inverse of the coefficient matrix in Eq. (
that of 1/Gy; in Eq. (A
in Eq. (A.3) becomes

Qi1 Qi O Ei(1—va3v32)/A Ei1(Va1+Va3V31)/A 0O
Q2 Qxn 0 | =|EWi+Vizv2)/A Ex(1-vi3v3)/A 0
0 0 QGG 0 0 G]Z

(A7)

where A=1— V12V21 — V13V31 — Va3 V3p — 2V12V23V31. According to
Eq. (A.2), it can be found that the constitutive relation of an
orthotropic material in plane strain depend on seven independent
engineering constants (e.g., Eq,Ez, E3, V12, V13, V23, G12), and also the
stiffness matrix in Eq. (A.7) is a symmetric matrix.

Appendix B. Two sets of modified Fourier basis functions and
the corresponding modified Fourier series

The following two sets of modified Fourier basis functions are
adopted in the spectral dynamic stiffness formulation of this paper.

L feos(r) 1=0
Ti(y6) = , B.1
09~ {Gagee 11 B4
o m [ SIN(EE) =0
T, (78) = {COS 8 1=1' (B.1b)
Where Vs = (s+1/2)m/L with 1€ {0,1} se N,N={0,1,2,...} and

€ [-L,L]. Accordingly, two modified Fourier series related to the
two sets of basis functions of Eq. (B.1) are given as follows. For
any arbitrary 1D function h(¢), ¢ € [-L, L] subject to Dirichlet-type
BC (with arbitrary h(+L), but d:h(+L) = 0), one can write

ZH ) ))ls , His _/ h T’ yls de,
se/\ (ls Cls

where {;; = 2 when [ = s = 0 and {;; = 2 otherwise. For any arbitrary
1D function h(¢), ¢ € [-L, L] subjected to Dirichlet-type BC (with arbi-
trary d:h(+L), but h(iL) = 0), one can write

7i( V o L1 (1s€)
H l Is H :/ hg 1 IsS df
Zr\: -L ( ) V4 ClsL

[€{0,1}

Note that /¢,L appearing in Egs. (B.2) and (B.3) provides the
symmetry of the forward and inverse Fourier transformation and
therefore the dependence on the length of integral range [-L, L] is
eliminated. The hyperbolic functions #,(I'¢) and its conjugate
H; (I'¢) encountered when formulating Eq. (37) can be transformed
into modified Fourier series by using Egs. (B.2) and (B.3), respec-
tively. In this way,

(B2)

(B.3)

2(-1)TH;(TL) Ti(y8)
seN é,lsL(rz + Vlzs) ClsL

H(T) (B.4a)

2(-1)""y W (TL) 7 (74%)
seN V ClsL(l—‘2 + ylzg) \V4 leL

where H;(I'¢)|._, was defined by Eq. (26).

Hi(Te) = (B.4b)

Appendix C. Expressions of the coefficient matrices in the
mixed-variable formulation of Eq. (37)

This appendix provides the analytical expressions for the coef-
ficient matrices in Eq. (37). After symbolic manipulation and using

the identities of Eq. (23), the four coefficient matrices A, A% A%

and A¥, can be expressed in an extremely concise form as follows,
which applies for all of the four (k,j) cases with k,j € {0,1}.

[ gdiag, [M] &lBinZsZ),
AI%. = ErltmZaXg]
L gkdlagm[%:&ﬂll)}
(C.1a)
A;(-]S _ dlagn[%jzzln] _gjgka31 [akmﬂjnz7]nm (C‘lb)
| —8i8k31 [t PjnZs],,,,  diagn (Lt e o)
) [ —diag, [M} (Z5Z7]m
AﬁL: o A11012 Y11 —Aqpd71 T
[Z52g] 0 —diag,, (222 b Y]
(C.1¢)
Al gdiag, [M] Ei[mZaZ]
U glBeDsTl,,  gdiag,[lmtnip-tere)
(C.1d)
where a3 =as + 1, g = (-1)’, g, = (-1)* and

Yoi = Hi(Fin@) /(M (Tin@Tin),  Yii = Hj(Eixmb) / (H; (Liemb) tikm ),

S 2 2 2 2
O2i = Wiy + @3 Bjy + K, 01 = Aol + A3y, + K,

2
Agi = ayTi, + a3(B5, — K), Ay = Gatfy, + as(0G, — K),

2
i =ar Un ﬁ]n +K, Iyi= azt;km Ol + K,

%= (r%jn - r%jn)v = (t%km - t%km)v

T3 = (a3031 — G102) %, + G2 (K — Bf,),
T4 = (G331 — 102) B + Q1 (K — 04f,,),

E5 = (a1a2 - a%)“ﬁmﬁ]zn - a3K(aim + ﬁ]zn - K)7
Xy =Zo/ {\/ limCinabay (1, + O) (155 + aim)]v
z:7 = 20/ {\/ CkméjnabaZ(tlkm + B]n)(tka + ﬁ}n)] )

where £y = 2(—1)™", and the hyperbolic functions  and H* were
defined in Eq. (26). In Eq. (C.1), ‘diag,[]’ represents a diagonal
matrix whose diagonal terms are expressed by ‘-’ with the subscript
n varying from 0 to oo, whereas ‘[],,,’ stands for a matrix whose
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entries are ‘.’ with n (row number) and m (column number) taking
from O to oco. Similarly, it is easy to understand the notations
‘diag,,[]" and ‘[],,,,". It should be emphasised that since the DOFs
corresponding to Sgo, Tqo (When j = 0) and Sy, Thko (When k = 0)
in Eq. (38)) have been removed, the corresponding rows and col-
umns of the AY matrices also should be removed accordingly.
Now if we introduce the notations A¥(i,:) =[] and A¥(;,]) = to
denote respectively the removal of the ith row and the Ith column
of the matrix AY, the removal should be applied as follows

AY(1,:)=[ whenj=0, AY(N+1,)=[ whenk=0, (C2a)

(C.2b)

where the subscript -’ in Eq. (C.2a) stands for either L or S; the -’ in
Eq. (C.2b) represents either T or N.

AY(:,1) = whenj=0, A¥(:N+1)=[ whenk=0,

Appendix D. The analytical expressions of G* matrices for some
typical functions

This appendix provides the analytical expressions of the G*
matrices for some typical functions based on Eq. (53). (The corre-
sponding expressions based on Eq. (52) have been already given
in Appendix A of [58].) The notations used here will follow the
same fashion as in [58]. If S terms are adopted in the series solution
(s €[0,S—1)), then diag(-)s is used to denote a diagonal matrix
with the integer ‘s’ in expression *’ taking s € [1,S — 1]. Similarly,
[leos stands for a matrix with *’ taking re[0,S—1] and
se[1,S-1];[]g¢s denotes a matrix with *’ taking
re(1,S—1],s€[1,S— 1] and so on. Similar to [58], for symmetric
distribution functions G*(¢), Gy, = 0, G}, = O whereas Gp, and G,
are derived from Eq. (53), whose analytical expressions are given
below for some typical symmetric (even) functions G(¢).

(1) For constant function G°(¢)=1,Gy, = diag(1)gs and
G, = diag(1)e
(2) For

parabolic function G(&) = (¢/L)%,

a | 8(=1)""rs :
Gy = {4(71”2752))2}51 R except for the diagonal terms
Goo(r,s) = [1/3—-1/(2m?s?)]  for

G — [2(—])”5(1+2r)(1+25)}
7 (@r—s)(1+r+9))?  [0s0

G‘{l(r+1,s+1):[1/3—2/(7152)2] for r=sec[0,S—1] and
where s; =1 + 2s.

(3) For cosine
G — {_ 32(— 1)’*55
00 (1614 +(1-452)% 812 (1+452))

00(T,s) = —32s2/[n(1 — 16s%)]  for

a 8(— 1) (142r)(1425) .
G = |:n(4(r—s)z—l)(l+2r+25)(3+2r+25):|SUS(,except for the diagonal

=8(1+2s)/[m(1+4s)(3+4s)] for

=

r=sell,5-1j; and
except for the diagonal terms

function G* (&) = cos(mé/(2L)),

] ) lexcept for the diagonal terms
S,

r=se[l,S-1]; and

terms G (r+1,5+1)
r=sel(0,S-1].

For antisymmetric distribution functions G(¢), Gy, = 0,G{, = 0
whereas Gy, and G}, are derived from Eq. (53), whose analytical
expressions are given below for some typical antisymmetric
(odd) functions G“(¢&).

(1) For linear function G (&) = ¢/L,
Ghy = [-32(-1)"4s,/ (n(—4r + )" | -
(2) For sine function G*(¢) = sin(né/(2L)), Gy, = diag(—1/2)

For above two odd functions, the removal procedure as in Eq.
(C.2) should also be applied such that: Gg,(1,:) =[], and finally

a T a
G1o = Gm .
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