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A B S T R A C T   

Vibrating compaction is a critical procedure to guarantee the quality of asphalt pavement, and the dynamic 
response of asphalt pavement is a complicate problem in the process of vibration rolling. This paper aims to 
theoretically investigate the dynamic response regulation and influencing factors of pavement under the moving 
vibration load. Firstly, based on the viscoelastic theory of multi-layer system, the dynamic response governing 
equation of asphalt pavement is established under the vibration load, the governing equation was then simplified 
by the two-dimensional Fourier transform method. Further, the stiffness matrices of the single-layer and multi- 
layer pavement structures are obtained by using the dynamic stiffness method. Consequently, the exact solution 
is obtained for the plane strain problem by programming and validated with the finite element results, which is 
proved to be more efficient in the calculation. Moreover, the model is calibrated by the field test to determine the 
wave number and dynamic modulus during the vibration rolling process. Subsequently, the effects of material 
and load frequency are investigated on the dynamic response in terms of acceleration and displacement. The 
results show that both of the acceleration and displacement of pavement surface vibrate periodically with the 
vibrating load, and the changing regulations of the acceleration and displacement with loading time can be 
divided into three stages corresponding to the engineering practice such as rapid decline, slow decline and stable 
stages. Finally, the influencing factors are analyzed in terms of the modulus of materials (i.e., surface course and 
base course) and the frequency of load. It shows that the peak values of acceleration and displacement of the 
pavement surface change significantly and nonlinearly with the material modulus in the form of power function. 
Meanwhile, the influence of vibrating frequency is also significant and a quadratic relationship between the 
acceleration/displacement and frequency. This paper provides an insight into understanding the dynamic 
response of pavement under vibration rolling condition to some extent, and potentially provides theoretical and 
technical support for accurately determining and modifying some indexes that characterize the compaction 
degree of asphalt pavement.   

1. Introduction 

Asphalt pavement is widely used in the construction of highway 
engineering projects in the world. The transportation of the large traffic 
volume, heavy vehicles and high driving speed put forward higher re-
quirements for the strength and durability of asphalt pavement structure 
[1–3]. Generally speaking, insufficient strength and poor durability are 
important reason to asphalt pavement diseases such as rutting, cracks, 
water damage etc. [4–7]. To a large extent, these diseases closely relate 

to the construction quality of asphalt pavement, and the compaction 
quality will directly affect the quality of asphalt pavement [4,8–12]. 
Therefore, how to guarantee the compaction quality of pavement is a 
significant issue concerned by pavement engineers and researchers. 
Although the problem of pavement compaction has existed for a long 
time, more researches were carried out from the view of materials and 
technology [13,14], and not enough attention is paid to the mechanical 
problems in the compaction process of asphalt pavement. Therefore, it is 
an obstacle to fully understand the dynamic regulation of a pavement 
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compaction. On the one hand, it is not conducive to improving the de-
gree of pavement compaction in terms of economy and efficiency; On 
the other hand, continuous compaction technology is also based on the 
weak theoretical foundation at present thereby hindering its develop-
ment and application [12]. 

As we all know, vibratory roller has the characteristics of good 
compaction effect, large influence depth and high production efficiency, 
which greatly improves the compaction degree of asphalt mixture. 
Therefore, the vibratory roller is widely applied in the compaction en-
gineering of asphalt pavement [11,15]. In the process of vibratory 
compaction of asphalt pavement, the vibratory roller not only runs on 
the surface of asphalt pavement at a certain speed, but also vibrates up 
and down at a certain frequency. Therefore, compared with the traffic 
load, the dynamic response of asphalt pavement in the process of 
vibratory rolling is definitely different and special. Many researchers 
carried out investigation on the dynamic response of asphalt pavement 
under various types of loads, and those methods are roughly divided into 
two categories such as analytical method and numerical simulation 
[16–23]. The experimental studies are very few to be referred [24–26]. 
For the category of analytical method, the differential governing equa-
tion is usually established and the analytical and semi-analytical solu-
tions of pavement dynamic response were obtained by means of integral 
transformation. For example, Steenbergen [27], Kononov [28] regarded 
the pavement as a beam or slab on a half-space multi-layer system to 
establish the model of road structure, while Dong [29], Zhi Lyu [19], Lin 
[30], Grundmann [31] assumed that the pavement is the top layer on the 
half-space multi-layer system. For the simplification of the moving load, 
Xu [32,33], Lu [34], Jin [35], etc. Simplified the moving traffic load to a 
moving concentrated load or uniform load, and Zhi Lyu [19], Mesgouze 
[36] simplified to be an ordinary harmonic load. Then, through the in-
tegral transformation of the time and space vectors, the governing 
equation under the moving load is transformed and the analytical so-
lution or semi-analytical solution can be obtained. 

Among these analytical methods, the most regarded the traffic load 
as moving concentrated and uniform load or moving loads that change 
harmonically with time. The study on vibration of pavement mainly 
considered the pavement roughness [19], but few researches investi-
gated the characteristics of dynamic response in the process of vibration 
compaction of pavement because the use of analytical method is closely 
related to the complexity of the model itself [16,19]. In order to consider 
more complex situations, many researchers applied the finite element 
method to simulate the response of pavement under various dynamic 
loads. Maoyun Li [21] established the finite element model of visco-
elastic and nonlinear materials for the dynamic response of flexible 
pavement under load of FWD to carry out parameter analysis. For the 
case of moving load, Niki D. Beskou [37] established a viscoelastic 
material model of surface layer (asphalt concrete) by using ANSYS 
software and time domain finite element method. The elastic model and 
viscoelastic model are compared and analyzed under static or dynamic 
vehicle load on the flexible pavement. Pengfei Liu et al. [16] utilized the 
semi-analytical finite element method to compile the corresponding 
program, and employed the finite element software SAFEM to model 
and calculate the asphalt pavement under heavy traffic load. Ogoubi 
[22] adopted implicit dynamic analysis to establish a 3D viscoelastic 
finite element model. Syed [38] established a linear model to represent 
the dynamics of road rollers and asphalt pavement, and asphalt pave-
ment was represented as a collection of mechanical units with 
viscoelastic-plastic properties. The presented model was validated by 
the data collected in the field compaction, which can better simulate the 
compaction process of asphalt mixture under field vibratory roller. From 
the above researches, although finite element software was applied to 
accurately simulate the dynamic response of pavement under dynamic 
load to some extent, the finite element simulation calculation is 
time-consuming and inefficient in general. At present, the literature on 
the dynamic response of asphalt pavement structure under the combined 
action of moving and vibration loads is relatively scarce, especially 

taking the process of vibration compaction of asphalt pavement needs to 
be carried out in theoretical. 

Hence, taking the characteristics of moving vibration load into ac-
count in the vibrating compaction, this paper aims to study the dynamic 
response regulation and the influencing effectors on the asphalt pave-
ment in the compaction process. The viscoelasticity theory of multi- 
layer system can be adopted to establish the governing equation of 
multi-layer pavement under dynamic load, and the Fourier transform 
method and dynamic stiffness method will be employed to seek for the 
analytical solution so as to achieve the purpose of fast and efficient 
calculation. Moreover, the dynamic response of asphalt pavement can be 
then investigated under the action of vibratory roller in terms of the 
significance of influencing factors. 

2. Methodology 

2.1. Assumptions 

After the asphalt mixture being paved, the asphalt mixture has a 
compactness of about 90% [15]. From a certain observation point of the 
pavement surface, the action time of the vibratory roller is about 
0.1–0.2 s, and the vibration frequency of load is frequently controlled at 
about 40 Hz - 50Hz [39], the plastic deformation in the finite acting time 
of the vibratory roller is very small, and the dynamic response process is 
thus regarded as the viscoelastic vibration. Before model establishment, 
the following assumptions need to be introduced.  

(1) The vibration system of asphalt pavement structure and vibratory 
roller is linear;  

(2) The structural layers underneath surface course are homogeneous 
and isotropic elastic materials;  

(3) The constitutive properties of structural layer satisfy Hooke’s 
law;  

(4) The displacement at a certain depth of the pavement structure is 
zero. 

It should be pointed out that the moving speed of the vibratory roller 
is about 3.6 km/h~5.4 km/h [40], which can be negligible compared 
with the vibration speed or frequency of the vibratory roller. Therefore, 
it is assumed that the load vibrates freely on the road surface with a sine 
wave and the load position keep fixed. The pavement response with time 
can be illustrated according to different positions which is expressed by 
x = v⋅t (v is the moving speed of the road roller, t is the sampling time, 
and x is the distance to the observation point) [17]. 

2.2. Governing equations 

The asphalt pavement system is regarded as a multi-layer linear 
elasticity, and the theoretical derivation is carried out based on the 
theory of viscoelastic layered system [41]. The schematic diagram of the 
two-dimensional multilayer system in the Cartesian coordinate system is 
shown in Fig. 1. The observation point on the top surface is the origin of 
coordinates, and the positive direction of the x and z axis are in line with 
the direction of load movement and pavement depth, respectively. 

For asphalt pavement, under the action of vibration load, the 
displacement of pavement can be decomposed into the x and z compo-
nents which horizontal displacement u(x, z, t) and vertical displacement 
w(x, z, t). Likewise, the normal stress of pavement in x-axis and z-axis 
directions are σx(x, z, t) and σz(x, z, t) respectively. Accordingly, the 
force balance equation is obtained as follows: 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂σx(x, z, t)
∂x

+
∂τzx(x, z, t)

∂z
= ρ ∂2u(x, z, t)

∂t2

∂τxz(x, z, t)
∂x

+
∂σz(x, z, t)

∂z
= ρ ∂2w(x, z, t)

∂t2

(1) 
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where ρ is the density of pavement material, and τxz(x, z, t) = τzx(x, z, t)
is the shear stress in xz plane of the pavement structure. 

In the two-dimensional multi-layer elastic system of pavement, the 
physical and geometric equations of the plane strain problem are as 
follows: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

εx(x, z, t) =
1 − υ2

E

(
σx(x, z, t) −

υ
1 − υσz(x, z, t)

)

εz(x, z, t) =
1 − υ2

E

(
σz(x, z, t) −

υ
1 − υσx(x, z, t)

)

γxz(x, z, t) =
1
G

τxz(x, z, t)

(2)  

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

εx(x, z, t) =
∂u(x, z, t)

∂x

εz(x, z, t) =
∂w(x, z, t)

∂z

γxz(x, z, t) =
∂u(x, z, t)

∂z
+

∂w(x, z, t)
∂x

(3)  

where ν, E and G are the Poisson ratio, Young’s elastic modulus and 
shear modulus of the material, respectively. 

According to Fourier transform method, equations (1)–(3) in time 
domain can be transformed into that in the frequency domain, which 
can be given as follows: 
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂σ̃x(x, z, ξ)
∂x

+
∂τ̃zx(x, z, ξ)

∂z
+ ρξ2ũ(x, z, ξ) = 0

∂τ̃xz(x, z, ξ)
∂x

+
∂σ̃z(x, z, ξ)

∂z
+ ρξ2w̃(x, z, ξ) = 0

(4)  

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε̃x(x, z, ξ) =
1 − υ2

E

(

σ̃x(x, z, ξ) −
υ

1 − υσ̃z(x, z, ξ)
)

ε̃z(x, z, ξ) =
1 − υ2

E

(

σ̃z(x, z, ξ) −
υ

1 − υσ̃x(x, z, ξ)
)

γ̃xz(x, z, ξ) =
1
G

τ̃xz(x, z, ξ)

(5)  

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε̃x(x, z, ξ) =
∂ũ(x, z, ξ)

∂x

ε̃z(x, z, ξ) =
∂w̃(x, z, ξ)

∂z

γ̃xz(x, z, ξ) =
∂ũ(x, z, ξ)

∂z
+

∂w̃(x, z, ξ)
∂x

(6) 

It can be define that 

⎧
⎪⎪⎨

⎪⎪⎩

λ =
υE(1 + ηj)

(1 + υ)(1 − 2υ)

G =
E(1 + ηj)
2(1 + υ)

(7)  

in which η is the material damping coefficient and it is not considered in 
this paper because its value cannot be determined under high temper-
ature during the pavement compaction process. 

The following equations can be obtained by combining equations 
(4)–(7) as follows. 

σ̃z(x, z, ξ)= (λ+ 2G)
∂w̃(x, z, ξ)

∂z
+ λ

∂ũ(x, z, ξ)
∂x

(8)  

τ̃zx(x, z, ξ)=G
(

∂w̃(x, z, ξ)
∂x

+
∂ũ(x, z, ξ)

∂z

)

(9)  

σ̃x(x, z, ξ)= (λ+ 2G)
∂ũ(x, z, ξ)

∂x
+ λ

∂w̃(x, z, ξ)
∂z

(10) 

Taking the derivative of equation (8) with respect to x, we have 

∂2w̃(x, z, ξ)
∂z∂x

=
1

(λ + 2G)

∂σ̃z(x, z, ξ)
∂x

−
λ

(λ + 2G)

∂2ũ(x, z, ξ)
∂x2 (11) 

Then taking the derivative of equation (10) with respect to x, and 
then combing with equation (11), it can be obtained 

∂σ̃x(x, z, ξ)
∂x

=
4G(λ + G)

λ + 2G
∂2ũ(x, z, ξ)

∂x2 +
λ

λ + 2G
∂σ̃z(x, z, ξ)

∂x
(12) 

Performing the Fourier transform on the spatial domain of stress and 
displacement in x and z directions, the equation set (4) can be simplified 
as 
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂σ̃z(k, z, ξ)
∂z

= − kj̃τzx(k, z, ξ) − ρξ2w̃(k, z, ξ)

∂j̃τxz(k, z, ξ)
∂z

=
λk

λ + 2G
σ̃z(k, z, ξ) +

[
4G(λ + G)k2

λ + 2G
− ρξ2

]

jũ(k, z, ξ)
(13) 

Therefore, equation (8) and equation (9) can be simplified as 

∂w̃(k, z, ξ)
∂z

=
1

λ + 2G
σ̃z(k, z, ξ) −

λk
λ + 2G

jũ(k, z, ξ) (14)  

∂jũ(k, z, ξ)
∂z

=
j̃τxz(k, z, ξ)

G
+ kw̃(k, z, ξ) (15) 

By combining equations (13)–(15), the governing equation after 
performing the Fourier transform can be given as follows. 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂σ̃z(k, z, ξ)
∂z

= − kj̃τzx(k, z, ξ) − ρξ2w̃(k, z, ξ)

∂j̃τxz(k, z, ξ)
∂z

=
λk

λ + 2G
σ̃z(k, z, ξ) +

[
4G(λ + G)k2

λ + 2G
− ρξ2

]

jũ(k, z, ξ)

∂w̃(k, z, ξ)
∂z

=
1

λ + 2G
σ̃z(k, z, ξ) −

λk
λ + 2G

jũ(k, z, ξ)

∂jũ(k, z, ξ)
∂z

=
j̃τxz(k, z, ξ)

G
+ kw̃(k, z, ξ)

(16) 

When the equation set (16) is sorted out into matrix form, the 
following equation (17) set can be obtained. 

Fig. 1. Schematic diagram of 2D multi-layer system of pavement.  
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∂
∂z

⎡

⎢
⎢
⎢
⎣

σ̃z(k, z, ξ)
j̃τxz(k, z, ξ)
w̃(k, z, ξ)
jũ(k, z, ξ)

⎤

⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 − k − ρξ2 0

λk
λ + 2G

0 0
4G(λ + G)k2

λ + 2G
− ρξ2

1
λ + 2G

0 0 −
λk

λ + 2G
0 1

/G k 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎣

σ̃z(k, z, ξ)
j̃τxz(k, z, ξ)
w̃(k, z, ξ)
jũ(k, z, ξ)

⎤

⎥
⎥
⎥
⎦

(17)  

2.3. Stiffness matrix for one layer 

Based on the established governing equation (17), it is simplified in 
the form of matrix to facilitate the derivation of the model solution. 
Firstly, we define 

B=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 − k − ρξ2 0

λk
λ + 2G

0 0
4G(λ + G)k2

λ + 2G
− ρξ2

1
λ + 2G

0 0 −
λk

λ + 2G
0 1

/G k 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (18)  

and equation (17) can be rewritten as 

∂
∂z

⎡

⎢
⎢
⎢
⎣

σ̃z(k, z, ξ)
j̃τxz(k, z, ξ)
w̃(k, z, ξ)
jũ(k, z, ξ)

⎤

⎥
⎥
⎥
⎦
=B ×

⎡

⎢
⎢
⎢
⎣

σ̃z(k, z, ξ)
j̃τxz(k, z, ξ)
w̃(k, z, ξ)
jũ(k, z, ξ)

⎤

⎥
⎥
⎥
⎦

(19) 

It can be seen from Fig. 1 that the boundary condition at the top 

surface can be expressed by 
[

σ̃z(k,0, ξ), j̃τzx(k,0, ξ),

w̃(k,0, ξ), jũ(k,0, ξ)
]T

, and the boundary condition at h = h1 is 
[

σ̃z(k, h1, ξ), j̃τzx(k, h1, ξ), w̃(k, h1, ξ), jũ(k, h1, ξ)
]T

. Therefore, equa-

tion (19) can be solved directly according to the above boundary 
conditions. 
⎡

⎢
⎢
⎢
⎣

σ̃z(k, h1, ξ)
j̃τxz(k, h1, ξ)
w̃(k, h1, ξ)
jũ(k, h1, ξ)

⎤

⎥
⎥
⎥
⎦
= eBh1 ×

⎡

⎢
⎢
⎢
⎣

σ̃z(k, 0, ξ)
j̃τxz(k, 0, ξ)
w̃(k, 0, ξ)
jũ(k, 0, ξ)

⎤

⎥
⎥
⎥
⎦

(20) 

Define T = eBh1 and combine with the block matrix algorithm, 
equation (21) can be obtained. 
⎡

⎢
⎢
⎢
⎣

σ̃z(k, h1, ξ)
j̃τxz(k, h1, ξ)
w̃(k, h1, ξ)
jũ(k, h1, ξ)

⎤

⎥
⎥
⎥
⎦
=

[
[T11] [T12]

[T21] [T22]

]

⎡

⎢
⎢
⎢
⎣

σ̃z(k, 0, ξ)
j̃τxz(k, 0, ξ)
w̃(k, 0, ξ)
jũ(k, 0, ξ)

⎤

⎥
⎥
⎥
⎦

(21) 

According to the relationship between the stress and displacement, 
the following equation holds. 
⎡

⎢
⎢
⎢
⎢
⎣

− σ̃z(k, 0, ξ)
− j̃τxz(k, 0, ξ)
σ̃z(k, h1, ξ)
j̃τxz(k, h1, ξ)

⎤

⎥
⎥
⎥
⎥
⎦
=

[
T − 1

21 T22 − T − 1
21

T12 − T11T − 1
21 T22 T11T − 1

21

]

×

⎡

⎢
⎢
⎣

w̃(k, 0, ξ)
jũ(k, 0, ξ)
w̃(k, h1, ξ)
jũ(k, h1, ξ)

⎤

⎥
⎥
⎦ (22) 

Here, the first term on the right side of equation (22) is the stiffness 
matrix, and it is defined by 

[S] =

[ [
T − 1

21 T22
] [

− T − 1
21

]

[
T12 − T11T − 1

21 T22
] [

T11T − 1
21

]

]

=

[
[S11] [S12]

[S21] [S22]

]

(23)  

2.4. Stiffness matrix for multiple layers 

According to the schematic diagram of the pavement structure 
(Fig. 1), several layers with different materials are integrated to 
construct the pavement structure. Therefore, any two layers of the 
structure are selected for instance in order to obtain the global stiffness 
matrix of the asphalt pavement multi-layer system. For any two layers of 
pavement as shown in Fig. 2, the boundary condition at the top surface 
of the i-th layer is z = Hi− 1, and the thickness h = hi. Likewise, at the 
bottom surface of the layer i+ 1, the displacement z = Hi+1, and the 
thickness h = hi+1. 

Therefore, the stiffness matrix for each layer is respectively given by 
equations (24) and (25) based on equation (22). 
⎡

⎢
⎢
⎢
⎢
⎣

− σ̃z(k,Hi− 1, ξ)
− j̃τzx(k,Hi− 1, ξ)
σ̃z(k,Hi, ξ)
j̃τzx(k,Hi, ξ)

⎤

⎥
⎥
⎥
⎥
⎦
=

[ [Si
11

] [
Si

12

]

[
Si

S21

] [
Si

S22

]

]

×

⎡

⎢
⎢
⎣

w̃(k,Hi− 1, ξ)
jũ(k,Hi− 1, ξ)
w̃(k,Hi, ξ)
jũ(k,Hi, ξ)

⎤

⎥
⎥
⎦ (24)  

⎡

⎢
⎢
⎢
⎢
⎣

− σ̃z(k,Hi, ξ)
− j̃τzx(k,Hi, ξ)
σ̃z(k,Hi+1, ξ)
j̃τzx(k,Hi+1, ξ)

⎤

⎥
⎥
⎥
⎥
⎦
=

[ [Si+1
11

] [
Si+1

12

]

[
Si+1

S21

] [
Si+1

S22

]

]

×

⎡

⎢
⎢
⎣

w̃(k,Hi, ξ)
jũ(k,Hi, ξ)
w̃(k,Hi+1, ξ)
jũ(k,Hi+1, ξ)

⎤

⎥
⎥
⎦ (25)  

in which the superscripts (e.g., i, i+1) indicate the layer No. 
According to the assumption that the layers of the structure are in 

complete contact with each other, and the stress and displacement are 
continuous [42], we thus have 
[

0
0

]

=
[
Si

21

]
×

[
w̃(k,Hi− 1, ξ)
jũ(k,Hi− 1, ξ)

]

+
( [

Si
22

]
+
[
Si+1

11

])
×

[
w̃(k,Hi, ξ)
jũ(k,Hi, ξ)

]

+
[
Si+1

12

]

×

[
w̃(k,Hi+1, ξ)
jũ(k,Hi+1, ξ)

]

(26) 

Composing equations (24) to (26), we have 
⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− σ̃z(k,Hi− 1, ξ)
− j̃τzx(k,Hi− 1, ξ)
0
0
σ̃z(k,Hi+1, ξ)
j̃τzx(k,Hi+1, ξ)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎣

[
Si

11

] [
Si

12

]
0

[
Si

21

] [
Si

22

]
+
[
Si+1

11

] [
Si+1

12

]

0
[
Si+1

21

] [
Si+1

22

]

⎤

⎥
⎥
⎦×

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

w̃(k,Hi− 1, ξ)
jũ(k,Hi− 1, ξ)
w̃(k,Hi, ξ)
jũ(k,Hi, ξ)
w̃(k,Hi+1, ξ)
jũ(k,Hi+1, ξ)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(27) 

Therefore, the global stiffness matrix of any two-layer structure is 
given by 

[S] =

⎡

⎢
⎢
⎣

[
Si

11

] [
Si

12

]
0

[
Si

21

] [
Si

22

]
+
[
Si+1

11

] [
Si+1

12

]

0
[
Si+1

21

] [
Si+1

22

]

⎤

⎥
⎥
⎦ (28) 

Fig. 2. Schematic diagram of any two-layer structure.  
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For the multi-layer system of asphalt pavement, the bottom layer is 
in complete contact with the rigid foundation bed, it can be inferred that 
there is a boundary condition at which the stress and displacement of the 
bottom is zero. Then the displacement and stress in the Fourier domain 
are also zero, from which the global stiffness matrix of the multi-layer 
system of asphalt pavement can be obtained accordingly. 

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

f1
0
0
⋮
0

fn+1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

[
S1

11

] [
S1

12

]
0 ⋯ 0 0

[
S1

21

] [
S1

22 + S2
11

] [
S2

12

]
⋯ 0 0

0
[
S2

21

] [
S2

22 + S3
11

]
⋯ 0 0

⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 ⋯

[
Sn− 1

22 + Sn
11

] [
Sn

12

]

0 0 0 ⋯
[
Sn

21

] [
Sn

22

]

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

d1
d2
d3
⋮
dn
dn+1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(29)  

where, f1 = [− σ̃z(k,0, ξ), − j̃τxz(k,0, ξ)]T , di = [w̃(k,Hi− 1, ξ), jũ(k,Hi− 1, ξ)
]
T and the subscripts i and n represent the i-th layer and layer number, 
respectively. 

2.5. Vibration load 

Obviously, the influence of load on the coupling between vibrating 
drum and pavement is very important. Generally speaking, the load 
distribution at the bottom of the vibrating drum is not uniform. That’s to 
say the middle part of drum is larger and the edge part is smaller [11]. In 
addition, the contact between drum bottom and pavement surface is 
constantly changing during the vibration rolling process, which leads to 
the periodic change of contact stress. Therefore, in the two-dimensional 
case, considering the uneven distribution of load at the bottom of the 
vibrating drum, the distribution of contact force is regarded as a 
semi-ellipse model in this paper [43]. Furthermore, considering the vi-
bration of the roller, it is assumed that the eccentric block in the 
vibratory roller rotates around the rotating shaft at a certain angular 
speed, making the eccentric block generate periodic rotation and vi-
bration, as shown in Fig. 3. 

Accordingly, the load function of vibratory roller is simplified to as 
follows [43]. 

P(x, t)=Gr + p(x, t) =Gr +
b
a

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a2 − (x − v0t)2
√

sin(ω0t) (30)  

where, Gr is the gravity of roller, a is the half width of load, b is the load 
amplitude, v0 is the speed of vibratory roller, and ω0 is the angular fre-
quency of rotor in the vibrating drum. 

For the vibration rolling in the practical engineering, the moving 
speed of roller is about 4.5 km/h, which is far less than the transmission 
velocity of the vibration wave produced by the vibrating load in the 
asphalt mixture. Therefore, it can be considered that the speed of the 
vibratory roller is zero in the calculation, that is, the load function model 
of the exciting force is simplified by Ref. [44]. 

pc(x, t) =
b
a

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − x2

√
sin(ω0t) (31) 

Therefore, the expression of the vibration load can be simplified as 

Pc(x, t) =Gr + pc(x, t)=Gr +
b
a

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − x2

√
sin(ω0t) (32)  

2.6. Model solution 

Herein, the two-dimensional Fourier transform in time domain and 
space domain is carried out to obtain the transformed expression of 
equation (32) in the frequency domain and wavenumber domain by the 
following equation. 

P̃c(k, ξ)=
∫ +∞

− ∞

∫ +∞

− ∞
Pc(x, t)exp[j(kx+ ξt)]dxdt (33)  

where, ξ = πm/T and k = πn/L. The parameters T and L are the period 
and wave length of the load, respectively; if M and N are sampling points 
and spatial discrete points, respectively, then m = 0,1, 2,⋯,M and. n =

0,1, 2,⋯,N 
Further, combining with the boundary conditions of multi-layer 

system of asphalt pavement, the numerical solution of the displace-
ment of each structure in the Fourier domain can be obtained by solving 
equation (29), and then the solutions of displacement in time domain 
and space domain can be obtained by the two-dimensional inverse 
Fourier transform (IFT). The calculation program is compiled through 
MATLAB software integrating the fft2 and ifft2 functions, and the 
displacement d = [d1, d2,⋯, dn, dn+1]

T for each layer can be obtained 
accordingly. 

3. Model validation 

3.1. Numerical comparison  

(1) Comparison with the finite element method 

As an auxiliary calculation method, the finite element method is 
often used for validation (e.g. Refs. [29,42,45–48]). To validate the 
model solution in this paper, the finite element method (FEM) is 
employed to calculate the vertical displacement of the top surface of 
asphalt pavement under the same conditions. A two-dimensional geo-
metric model of 1040104 nodes is established by using the finite element 
software ABAQUS. The DLOAD subroutine is applied to simulate loading 
procedure of the vibratory roller. The mesh and geometric information 
are shown in Fig. 4, and the material and structure information are listed 
in Table 1. 

The comparison of calculated displacement by the FEM and analyt-
ical method is shown in Fig. 5. It can be seen that the displacement curve 
of the pavement surface calculated by the presented method in this 
paper is basically consistent with that of the finite element method. For 
instance, the peak vertical displacement of the pavement surface 

Fig. 3. Schematic diagram of load simplification and distribution.  
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calculated by the analytical method and the FEM is 0.5835 mm and 
0.5802 mm, respectively, with a difference of 0.57%. In addition, the 
influence range of load is basically the same, which is between 15.0 m 
and 25.0 m. Therefore, the comparison shows that the calculation 
method in this paper has better reliability with high accuracy. Moreover, 
it should be pointed out that although the finite element model adopts a 
density decreasing mesh, the calculation still takes more than 1 h; on the 
contrary, the calculation time of the analytical method in frequency 
domain is 22.6675 s and the inverse Fourier transform takes 0.618 s, 
thus the computational efficiency has been greatly improved. 

The 2D dynamic response of a multilayer pavement half space system 
under a uniform load standing at origin has previously been determined 
analytically by Zhong et al. [49]. For the sake of comparison, the vi-
bration rolling load in this paper is replaced by a uniform load according 
to the reference, and the parameters of the subgrade and pavement for 
calculation are selected according to Zhong et al. [49]. The parameters 
are listed herein (e.g., p = 1 MPa, ω = π/10, P = p⋅sin (ωt); E1 = 1000 
MPa, h1 = 0.15 m; E2 = 300 MPa, h2 = 0.2 m; R = 0.15 m, E3 = 95 MPa; 

ν1 = ν2 = 0.25,ν3 = 0.35; ρ1 = 3200 kg/m3, ρ2 = 2100 kg/m3, ρ3 = 1500 
kg/m3). The comparison is shown in Fig. 6 in terms of the vertical 
displacement in different time and it shows good agreement. 

3.2. Field test calibration  

(1) Experiment program 

The pavement vibration rolling field test is performed on a lower 
course of an asphalt concrete pavement, with a thickness of 8 cm, in the 
Chongshui Expressway in Guangxi Province, China [50]. The compacted 
material is AC-25, whose gradation is presented in Fig. 7. The technical 
information of bituminous binder is listed in Table 2. The vibratory 
roller is BW203 AD-4 with double drums, and its actual working pa-
rameters are listed in Table 3. 

The SmartRock sensor is embedded in the lower course of the 
pavement, approximately 20–30 mm to the top surface. For the data 
collection and sorting, the SmartRock sensor is so placed that its vertical 
direction (z), rolling direction (y), and lateral direction (x) coincided 
with the z-, y-, and x-axis, respectively, of the coordinate system of the 
sensor. The SmartRock data are collected by a wireless signal data 
receiver (Fig. 8). During the compaction process, the acceleration signal 
of the vibrating drum is collected by an acceleration sensor named HCF, 
which is fixed on the vibration shaft of the rolling drum, and received by 
the supporting USB gateway. The data accuracy of the HCF can also 
reach 0.01g. In the rolling direction, the data record area is selected 
approximately 25 m before and after the measuring point. After each 
rolling, a non-nuclear density meter is employed to detect the 
compactness of the compacted mixture near the measuring point. It need 

Fig. 4. The finite element model of asphalt pavement under vibrating load.  

Table 1 
Structure and material information for FEM simulation.  

Materials Thickness 
(cm) 

Modulus 
(MPa) 

Poisson’s 
ratio 

Density 
(kg/m3) 

Asphalt mixture 18 1400 0.3 2400 
Cement stabilized 

macadam 
20 1500 0.2 2300 

Lime soil 30 550 0.35 2000 
Subgrade soil 200 48 0.4 1900  

Fig. 5. The comparison between the FEM and analytical solution.  

(2) Comparison with existing work 

Fig. 6. Comparison between this paper and Ref [49].  
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to be pointed out that the parameters setting of roller cannot be 
considered because the frequency and amplitude of vibration rolling is 
determined according to the construction specification. Therefore, the 
roller setting is kept constant during compaction process to ensure the 
compaction quality. In addition, to ensure the accuracy of the test, the 
roller moved at a constant speed when passed the observation point to 
eliminate the fluctuation of signal for start and deceleration. The sche-
matics of the field test, sensor installation, and rolling site are shown in 
Figs. 8 and 9. 

In the process of asphalt pavement paving, the asphalt mixture is 
compacted by vibration roller (vibration rolling) for 8 times, and as a 
matter of fact, after the vibration compaction, the rubber rollers (static 
rolling) are employed to carry out subsequent compaction, which is not 
included in this paper and we just focused on the vibration rolling.  

(2) Data processing 

Owing to the high sensitivity of the SmartRock sensor, multiple vi-
bration signals are collected, such as the signals originating from the 
pavers and other grouped rollers in the neighboring lanes. For vibratory 
rollers, the collision and friction of the shafts and bearings generate 
vibration signals with different frequencies. Significantly, the attenua-
tion of a high-frequency vibration is mixed with a low-frequency vi-
bration, and it is impossible to be differentiated from the above low- 

frequency signals. Therefore, the signals from the SmartRock and HCF 
need to be digitally filtered. The filtering conditions are set based on the 
working frequency of the vibration roller, and the collected data are 
filtered by the frequency domain method [52]. A band-pass filter code is 
written with MATLAB, and the measured data are filtered between 48 
and 52 Hz, according to the working frequency of the roller, and the 
low-frequency signals are removed. Finally, the dynamic response data 
of the asphalt pavement under the vibration roller are obtained. An 
example band-pass filtering process is displayed in Fig. 10 and the peak 
value of the dynamic response is illustrated in the histograms of Fig. 11. 

In order to analyze the response of pavement during vibration rolling 
process, the calculation model needs to be calibrated by field test data. 
The purpose of model calibration, on the one hand, is to determine the 
value of wave number in the wave number domain; on the other hand, 
the dynamic modulus of asphalt mixture in the rolling process can be 
calibrated, that to say, it is necessary to back calculate the modulus of 
asphalt mixture according to the data results of field test. 

Based on the pavement structure and material parameters which is 
substituted into the calculation model, the acceleration curve over time 
can be obtained, and the fitting curve of its peak value with modulus is 
shown in Fig. 12. Meanwhile, combining with the field data, the 
modulus of asphalt mixture can be evaluated through the equation. 
Furthermore, the acceleration in theoretical and field test is shown as 
Fig. 13, which shows good agreement between them and the dynamic 
modulus is back calculated as 94 MPa and 993 MPa for the first and 
eighth rolling. 

Fig. 7. Parameters of the material and grades.  

Table 2 
Technical information of bituminous binder.  

Parameter Value Requirement Methods (JTG E20- 
2019) [51] 

Penetration (25◦C, 
100g, 5s) 

63 (0.1 
mm) 

60-70 (0.1 
mm) 

T0604 

Ductility (5 cm/min, 
15◦C) 

≥100 
(cm) 

≥100 (cm) T0605 

Softening Point 49 (◦C) ≥47 (◦C) T0606 
Dynamic Viscosity 

(60◦C) 
≥200 
(pa•s) 

≥200 (pa•s) T0620  

Table 3 
Working parameters of vibratory roller.  

Operating 
Weight 

Static 
Weight at 
Front 
Drum 

Drum 
dimension: 
Diameter/ 
width 

Frequency Excited 
force 

Driving 
speed 

13,000 kg 6500 kg 1240 mm ×
2140 mm 

50 Hz 84 kN 4.5 km/ 
h  Fig. 8. Diagrams of the field test arrangement and the sensor layout.  
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Fig. 9. Field test program: (a) SmarRock size; (b) Embedding of the SmartRock sensor in the asphalt mixture; (c) Installation of an acceleration sensor on the 
vibrating drum; (d) Pavement rollingt 

Fig. 10. Band-pass filtering of the measured signal.  

Fig. 11. Peak value of the measured acceleration in various directions in the 
pavement during the vibration rolling.  

(3) Calibration 

Fig. 12. Fitting curve of peak acceleration and modulus.  
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4. Discussion 

It should be pointed out that the assumption about the load is that the 
load does not move but only vibrates with a certain vibration frequency. 
In actual, the load acting on the asphalt pavement not only vibrates but 
also moves with a certain speed (e.g., 4.5 km/h to 5.4 km/h) in the 
engineering practice. As mentioned in Section 2.1, the pavement 
response with time can be illustrated according to different positions. In 
other words, when the load vibrates at the initial position x0, the dy-
namic response at position x1 is equal to that at vibration position x0 
where the load moves to position x1. 

4.1. Modulus of surface material 

As we all know, the modulus of asphalt mixture after paved changes 
evidently in the process of vibration rolling. On the one hand, the me-
chanical index such as elastic modulus and strength will increase during 
the rolling; on the other hand, the changing indexes will have back effect 
on the dynamic response. In general, the temperature of the paved 
asphalt mixture is about 135◦C–150◦C, and it is almost impossible to 
measure the modulus of the asphalt mixture in the laboratory and field. 
To date, Chen et al. [53] showed that Burger’s model can still be used to 
simulate the viscoelastic properties of asphalt mixture up to about 
150◦C. The relationship between dynamic modulus E and model pa-
rameters of asphalt mixture can be expressed as follows [54], 

1
E
=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1

K2
ae
+

1
η2

aeω2 +
1 + 2(Kav/Kae + ηav/ηae)

K2
av + η2

avω2

√

(34)  

Kae = lim
ω→∞

E (35)  

ηap = lim
ω→0

E
ω (36)  

where ω is the angular frequency; Kae and ηae are the modulus and vis-
cosity of the spring and dashpot elements in serial of Burger’s model; Kav 
and ηav are the modulus and viscosity of the spring and dashpot elements 
in parallel of Burger’s model. 

Liu et al. [54] developed an iterative program. Through nonlinear 
regression analysis, the relationships between model parameters and 
temperature, porosity and loading frequency were established, there-
fore, equations (34)–(36) can be used to determine the modulus of 
asphalt mixture at any temperature and density [55]. From the paving to 
compaction of asphalt mixture, the predicted range of modulus is 100 

MPa–3000 MPa according to the above-mentioned model [54]. There-
fore, the modulus of asphalt mixture can be approximately determined 
to analyze its effect on the dynamic response. The material and structure 
information can refer to Table 4. Herein, it is pointed out that the ver-
tical acceleration and vertical displacement of pavement is the main 
concern in this paper.  

(1) vertical acceleration 

During the vibration rolling, the acceleration of pavement surface 
can be applied to characterize the dynamic response of asphalt mixture 
under vibrating load. Fig. 14 shows the vertical acceleration time history 
curve with different modulus of the upper layer of pavement. It can be 
seen from the figure that the acceleration changes evidently when the 
vibrating wheel approaches the observation point. Although there is also 
a change of acceleration far from the observation point, the change 
amplitude is much too small. The amplitude of acceleration begins to 
increase gradually when the load moves from the origin about 1.0 s 
(about 1.25 m) to the observation point, and the acceleration reaches the 
peak value when the load center moves to the observation point. 
Therefore, the acceleration response range of the observation point is 
about 2s (2.5 m). 

In order to analyze the variation trend of the peak acceleration of the 
road surface with the modulus of the upper layer, several maximum 
values of acceleration are calculated and shown in Fig. 15. Apparently, 
with the continuous increase of modulus from 100 MPa to 3000 MPa, the 
peak acceleration of pavement surface decreases gradually from 
0.9312g to 0.1849g, which decreases by about 80.14%. By the fitting 
curve between the acceleration and modulus, the decreasing speed of 

Fig. 13. Acceleration-time curve by calculation and test, (a) is for the first rolling and (b) is for the eighth rolling.  

Table 4 
Structure and material information for tested pavement.  

Materials Thickness 
(cm) 

Dynamic 
modulus 
(MPa) 

Poisson’s 
ratio 

Density 
(kg/m3) 

Asphalt mixture 
(lower course) 

8 calibration 0.30 2600 

Cement stabilized 
macadam (5% 
cement content) 

26 3500 0.25 2600 

Cement stabilized 
macadam (4% 
cement content) 

20 3450 0.25 2600 

Graded aggregate 16 300 0.30 2550 
Subgrade soil 100 45 0.35 1850  
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the peak acceleration is getting smaller. According to the field test of 
pavement compaction [50], the peak acceleration between former three 
rolling time (initial compaction in terms of engineering) changes 
remarkably, and the acceleration in 3rd rolling is about 0.24g, which 
approximately corresponds to the peak acceleration when modulus is 
1000 MPa in this paper. Similarly, the peak acceleration of the last 
rolling in second stage is about 0.17g, which corresponds to material 
modulus of 2500 MPa. Thus, the fitting curve can be divided into three 
stages: rapid decline, slow decline and stable stages. 

The first is rapid decline stage. The peak acceleration decreased from 
0.9312g to 0.2364g which decreases by 74.61%, and the corresponding 
material modulus increased from 100 MPa to 1000 MPa which increases 
by 900 MPa. From the engineering point of view, the particles in the 
asphalt mixture move violently to form a more stable structure which is 
changed from the loose state to a dense state during the compaction 
process. 

The second is the general decline stage. The peak acceleration de-
creases from 0.2364g to 0.1901g, and the corresponding modulus 

increases from 1000 MPa to 2500 MPa, which increases by 1500 MPa, 
while the peak acceleration decreased by about 19.59%. Similarly, from 
the construction point of view, after several rolling times, the asphalt 
mixture gradually has strength of resistance to external force, and the 
particle movement has also become gentle and the mixture gets denser. 

The third is stable stage. When the material modulus increases from 
2500 MPa to 3000 MPa, the peak acceleration only decreases by about 
2.74%, indicating that the peak acceleration of the pavement tends to be 
stable, which can reflect that the particles of the mixture are difficult to 
move after the asphalt mixture reaches a higher degree of compaction. 

According to the curve fitted by the scatter plot in Fig. 15, it is 
obvious that there is a non-linear relationship between the peak accel-
eration and the modulus of the upper layer, which can be expressed by 

Acc=
77.22

E
+ 0.1592 (37)  

in which correlation coefficient equals to 1, and Acc is the peak accel-
eration of the road surface [g], E is the modulus of the upper layer 
material [MPa].  

(2) vertical displacement 

In addition to the acceleration, the dynamic response of the vertical 
displacement of pavement surface is also obvious. Fig. 16 shows the 
vertical displacement curve of the observation point under the condition 
of different modulus of the upper layer material, and Fig. 17 is the 
scatter diagram of the corresponding peak value of vertical displacement 
and the fitting curve. 

Likewise, the displacement vibrates regularly and fluctuates around 
0. Furthermore, it can be found in Fig. 16 (a) that the response range of 
vertical displacement decreases gradually with the increase of modulus. 
For instance, when the modulus is 100 MPa, the response range of 
vertical displacement is about 3.125 m, while it is about 0.833 m for 
1200 MPa. The range is reduced by 73.34%. From the engineering view 
of point, it is rational. On the one hand, when the modulus goes up, the 
compaction degree and strength also increase, and the particles of 
asphalt mixture is hard to move; on the other hand, the negative 
displacement indicates that the uplift of pavement surface occurs near 

Fig. 14. Time-acceleration curves for different modulus of upper-layer materials.  

Fig. 15. Relation curve between peak acceleration and modulus of pavement.  
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the area of the observation point when it is subjected to the moving 
vibration load. 

In addition, it can be seen from Fig. 17 that the peak vertical 
displacement of the pavement also shows a sharp downward trend at 
first. For instance, when the modulus increases from 100 MPa to 1000 
MPa, the peak vertical displacement decreases from 2.59 × 10− 4 m to 
6.57 × 10− 5 m with a decrease of about 74.63%, and then the decline 
rate gradually slows down with the increase of the modulus. Finally, it 
tends to be stable. 

With the comparison of Figs. 15 and 17, the variation trend of peak 
vertical displacement with modulus is similar to that of peak accelera-
tion. Therefore, the relationship between peak vertical displacement and 
material modulus can also be expressed in the form of equation (37) as 
follows. 

uz =
0.02144

E
+ 4.422 × 10− 5 (38)  

where, correlation coefficient equals to 1, and uz is the peak value of 
vertical displacement [m], E is the modulus of the upper layer [MPa]. 

4.2. Base material modulus 

Generally speaking, the asphalt pavement is essentially a multi-layer 
system, and it is basically constructed layer by layer in the practice. For 
the typical pavement structure, the surface course of asphalt mixture is 
located above the base course (e.g., flexible base, semi-rigid base, rigid 
base). As we known, different base materials have different strength, 
stiffness and modulus. Therefore, in addition to the consideration of 
modulus influence of surface course on the acceleration and displace-
ment of the pavement surface, the base course cannot be ignored, and 
the influence of the modulus of base material on the acceleration and 
vertical displacement of pavement surface (the modulus of the surface 
course is kept 1400 MPa in the calculation). As shown in Fig. 18, the 
relationships of the peak acceleration and displacement with the base 
modulus are significantly nonlinear as well, and it can be also expressed 
in the form of equations (37) and (38) 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Acc =
103.8
Esub

+ 0.145

uz =
0.02886

Esub
+ 4.029 × 10− 5

(39)  

where, the correlation coefficients of two equations both equal to 1, and 
Acc is the peak value of acceleration of pavement surface [g], uz is the 
peak vertical displacement [m], and Esub is the modulus of base material 
[MPa]. 

It can be seen from Fig. 18 that when the modulus of base course 
increases 19 times from 200 MPa, the peak value of acceleration and 
vertical displacement decrease steeply at first and then slowly, in which 
the peak acceleration decreases from 0.6647g (6.55 ms− 2) to 0.171g 
(1.68 ms− 2), and the peak vertical displacement decreases from 1.85 ×
10− 4 m to 4.75 × 10− 5 m by about 74%. 

According to Figs. 14–18, it can be seen that the change of the 
modulus of any layers in the multi-layer system will lead to the corre-
sponding variation of the dynamic response of the pavement such as the 
acceleration and displacement of the pavement. It is significant that the 
influence of modulus on the acceleration and displacement of pavement 
surface can be of the following form 

Acc or uz =
a
Ei

+ b (40) 

Fig. 16. The displacement-time curves for different modulus of upper layer.  

Fig. 17. The relationship between the peak vertical displacement and modulus.  
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in which the subscript i represents the layer type, i.e., surface course, 
base course, etc. 

It is worth pointing out that if try to measure the acceleration or 
displacement on the pavement surface and establish a relation with the 
compaction degree between them, it is bound to be affected by the type 
of the base course, namely the modulus of the base layer. In this paper, 
the regulation of the influence is proved to be a nonlinear influence as 
shown in equation (40). 

4.3. Vibrating frequency 

Different from material modulus, load is the most significant external 
factor. The vibrating frequency almost determines the excitation force of 

the vibratory roller. Therefore, to analyze the influence of vibrating 
frequency in the process of rolling, the frequency varies between 25 Hz 
and 50 Hz without changing the material parameters, and the calcula-
tion results of acceleration and displacement are shown in Fig. 19. 

For the peak acceleration shown in Fig. 19, it grows up obviously 
with the increase of the vibrating frequency. When the frequency goes 
up from 25 Hz to 50 Hz, the peak acceleration increases from 0.0218g to 
0.2378g with about 9.9 times higher. According to the fitting curve of 
the scatter diagram (Fig. 20), it can be seen that there is a quadratic 
relationship between the peak acceleration and the frequency, which 
can be expressed by equation (41). 

Acc= 2.201 × 10− 4f 2 − 7.852 × 10− 3f + 0.08097 (41) 

Fig. 18. Effect of base material modulus on dynamic response.  

Fig. 19. Acceleration-time curve under different frequency loads.  
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where, the correlation coefficient equals 0.9987, Acc and f are the peak 
acceleration [g] and vibrating frequency [Hz] of load, respectively. 

Meanwhile, the vertical displacement response under different fre-
quency loads is analyzed and shown in Fig. 21. Fig. 21 (a) shows the 
vertical displacement response curve under different load vibration 
frequencies at the observation point, and Fig. 21 (b) shows the rela-
tionship between the peak value of vertical displacement and the load 
frequency. 

It can be seen from Fig. 21(a) that the vibration frequency of vertical 
displacement goes up with the increase of load frequency and the 
response range and displacement amplitude at the observation point 
also increase. The main reason is that the exciting force of vibratory 
roller magnifies with the increase of vibration frequency. For instance, 
when the load vibration frequency increases from 25 Hz to 50 Hz, the 
variation law of the peak value of vertical displacement and its fitting 
curve are shown in Fig. 21 (b). Evidently, there is also an obvious 
quadratic correlation between them, and the relationship can be 
established similar to the peak acceleration as follows. 

uz = 2.067 × 10− 8f 2 − 6.378 × 10− 7f + 4.438 × 10− 5 (42)  

where, the correlation coefficient equals 0.9936, uz is peak vertical 
displacement [m], and f is the load vibration frequency [Hz]. 

From equations (41) and (42), it is can be inferred that the peak 

acceleration and vertical displacement of the pavement surface are 
quadratic related to the load frequency, that is, 

Acc or uz = a × f 2 + b × f + c (43) 

In summary, from the analysis results of the influencing factors (i.e., 
modulus and frequency), the proposed equation (40) and equation (43) 
can reflect the regulation of influencing factors on the acceleration and 
displacement of the pavement surface under vibrating load. It should be 
pointed out that the acceleration and displacement of the pavement 
surface are the physical quantities obtained by the possibility test during 
the vibration rolling of the pavement, which provides a way to charac-
terize the compactness of the compacted material of the pavement. For 
example, the method of inverse calculation of the modulus of asphalt 
mixture can be explored. Therefore, equation (40) and equation (43) 
provide theoretical and technical support for accurately determining 
and modifying some indexes that characterize the compaction degree of 
asphalt pavement. 

5. Summary and conclusion  

(1) In this paper, investigations have been carried out to study the 
dynamic response of pavement structure under vibrating load 
during the process of vibrating rolling. Based on the viscoelastic 
theory of layered system, a set of differential governing equation 
of dynamic response is established under the vibration rolling 
load, which is simplified by Fourier transform method in the form 
of matrix.  

(2) Further, the stiffness matrixes of single-layer structure and multi- 
layer system are derived, and the dynamic stiffness method is 
applied to solve the governing equation of multi-layer pavement 
structure under vibrating load. The proposed solution is validated 
by the FEM simulation and analytical method, which is proved to 
be more efficient. Furthermore, the theoretical model is cali-
brated by the field test to determine the wave number and dy-
namic modulus during the vibration rolling process.  

(3) The regulation of dynamic response of pavement is explored with 
respect to the acceleration and displacement of pavement surface. 
Both of them show the obviously periodic fluctuation and 
damping at the observation point during vibrating rolling pro-
cess. The peak value of acceleration and displacement is apparent 
and rapidly decline before and after the observation point. 

Fig. 20. Relationship between peak acceleration and load frequency.  

Fig. 21. Influence of load frequency on the vertical displacement.  
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(4) Through the analysis of influencing factors in terms of the 
modulus of pavement materials, not only the paved surface 
course but also the base course, the relationships of the acceler-
ation and displacement with modulus are established and of the 
form power function f(x) = a/x + b. Meanwhile, three stages (i.e., 
rapid decline, general decline and stable stages) of acceleration of 
pavement surface are proposed to illustrate the effect of modulus 
of surface course with respect to the engineering practice. 

(5) Finally, the influence of vibrating frequency of load is investi-
gated and the results show that the peak values of vertical 
displacement and acceleration are quadratic with the load fre-
quency which can be expressed by the formed equation f(x) =
ax2+bx + c. 

It should be pointed out that the compaction process of asphalt 
pavement is a very complex process. As we all know, in practical engi-
neering, modulus and density are the coupling physical parameters for a 
certain temperature. Generally speaking, the density increases gradually 
and the modulus increases gradually during the rolling process. How-
ever, the temperature is continuous falling down during the rolling 
process. There is not a definite relation between the modulus and density 
of the pavement mixture. In reality and practice, the density change is 
small and the range of change is about 5% of the maximum theoretical 
density, while the change of modulus is more significant and there will 
be more than 10 times of change. Therefore, the density and modulus are 
decoupled in this paper due to the little effect of density on the dynamic 
response of pavement. We think that the elastic theory to study the 
density or porosity on the modulus and the compaction degree of asphalt 
mixture is not meaningless, and the study by the DEM need to be 
developed in the future. Nevertheless, this paper provides an insight into 
understanding the dynamic response of pavement under vibration roll-
ing condition to some extent, and potentially provides theoretical and 
technical support for accurately determining and modifying some in-
dexes that characterize the compaction degree of asphalt pavement. 
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